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1

Estimation Theory

1.1 General theory of estimators

Definition 1.1.1 (Statistical model): A statistical model is a triplet (X, F, (Pg)oco) s.t.
e (X,F) is a measurable space;
e [Py is a probability measure for every 6 € O.

The set O is called parameter space.
Remark 1.1.2: Usually © = RP.

Remark 1.1.3: Fix a statistical model (X, F, (Pp)gco). In the following, given a mea-
surable function T : X — R™ we will use the following notations

Eo [T :/XTd[Pe,
Varg(T) = Ey || T — E [T] ] .

Moreover given a o-algebra G C F the r.v. Ey [T |G] will be the conditional expectation
of T given G w.r.t. Py and

Varg(T|G) = B4 [|IT ~ B9 [T|G] |G}

Definition 1.1.4: A statistical model (X, F, (Pg)gco) is dominated if there exists a o-
finite measure p s.t.
Py < u VO € 0.

Definition 1.1.5: Let (X, F, (Pg)gco) be a statistical model dominated by the measure
p. A likelihood function of the model is a function L : © x X — [0,1] s.t. for every 6 € ©
the function Ly = L.(0) = L(0, ) is a density of Py w.r.t. p.
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2 1.1. General theory of estimators

Definition 1.1.6: Fix a statistical model (S,S, (Py)gco). A sample of size n € N is
alist of n iid. rv’s X = (Xy,...,X,), X; : Q = Sfori =1,...,n, with common
distribution P for some # € ©. An observation of the sample X is just X(w) for an
w e Q.

Remark 1.1.7: In the context of the previous Definition, the law of the sample X is
[P?”. In particular if the model is dominated X has density pj.

In the following when we will consider the statistical model induced by a sample X =
(X1,...,X,) where X : Q — S are r.v’s with values in some measurable space (S, S) with
some given law Py dependent of a parameter 6 € O, we will always refer to the statistical
model (X, F, (Pg)peco) where X = 5", F = §®" and Py = P for every § € © and given
a measurable function f : X — E for some measurable space (F,£), sometimes we would
write with a little abuse of notation Eg [f(X)], Varg(f(X)) to indicate the expectation and
th variance w.r.t the r.v. X ~ Py, that is

Eo [f(X)] =g [f] and Varg(f(X)) = Varg(f).

Definition 1.1.8 (Statistic): Fix a statistical model (X, F,(Pp)gco) and a measurable
space (E,E). A statistic is a measurable map T : X — E that does not depend on 6.

Example 1.1.9: For a fixed m € N consider S = {1,...,m}, v the counting measure
and the probabilities

Py({h}) = (?) o"(1— )" ", for 6 € © =0,1].

Then if S = P(S), we have that the statistical model (S, S, (P)gco) is dominated by v
with densities gy = Po({h}).

Consider the statistical model induced by a sample X of size n with X i Py, then

Ti(x) = Y i x; is a statistic while T(z) = 21 + 6 is not.

Example 1.1.10 (Pareto distribution): Take S = [0,00), v = £|1[0 o) and densities
qo(z) = o(1 —0)"17% for 2 > 0 and © = (0,00). Consider the statistical model induced
by a sample X of size n with X i Py, hence

1
T _ Z?:l Ly
(x) - 1 n
L+ 5 =12
is a statistic.

Take a (general) statitical model (X, F, (Pg)oco), the problem is that for a function
g: 0 — I' we aim to infer v = ¢g(#*) from an observation of a r.v. X defined on X.

Definition 1.1.11 (Estimator): Fix a statitical model (X, F,(Pp)gco) and a function
g:0 = T. An estimator is ar.v. 4 : X — I that does not depend on . The image of an
estimator 4(X) for some r.v. X with values in X is called an estimate.

Remark 1.1.12: When we find an estimator 4 we obtain a function = — 4(z) but
in practice our statistical model is induced by a sample X = (Xi,...,X,) and we are
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interested in the estimate 4(X) with our sample X. So we are mostly interested in the
r.v. 4(X) rather than just the function 4. Hence, for convenience, when we deal with a
practical statistical model induced by a sample X, sometimes we will present an estimator
4 using its estimate 4(X). From 4(X) it is easy to recover the actual estimator computing

Az y(x).

Remark 1.1.13: Given r.v’s Xy,..., X, we will indicate with (X(l), cee X(n)) the ran-
dom vector s.t.
Xay(w) <+ < Xpy(w) for every w.

Example 1.1.14 (Location model): Assume X; = p + ¢; with €; ~ P where P ha
cumulative distribution function F' in the family

F ={F:R—1[0,1] | F is a cumulative distribution function and F(—y) =1— F(y) Yy € R}.

Then consider the statistical model (R™, B(R™), (Pgp)gpco) with 6 = (u, F') induced by the
sample X. We want to estimate the location of the mean p of the law of the X]/-S, SO

p="=g(0).
Possible choices for 4 are:

o the sample mean fi1(x) = %2?21 x;j that minimizes

Ra(psa) = 3y — )

Jj=1

T(ni1) if n is odd o
, that minimizes

o the sample median fiz(z) =
if n is even

96(n/22)+$(n/2+1)
2
n
Ry(p, ) =Y | — pl-
7j=1

y? if [y] < h

o the Huber estimator fiz(x) = argmin,cr > .71 pr(pu—x;), with pp(y) = .
@ e Sl withn) =4

1.2 Methods to construct estimators

In this section we will see some methods to construct estimators. Let us fix a statistical
model (5,8, (FPy)pco) with a sample X = (Xi,...,X,) and let (X, F,(Pp)gco) be the
statistical model induced by the sample, that is X = 8", F = 8% Py = PE" for every
0 eoO.

1.2.1 Maximum likelihood method

Assume that the statistical model (S,S,(FPy)pco) is dominated with densities (gg)oeco,
hence a likelihood is given by

L.(6) = [[antay) W <o,
j=1



4 1.2. Methods to construct estimators

Definition 1.2.1 (Maximum likelihood estimator): The maximum likelihood estimator
(MLE) of 0 is
0(r) = arg 1;16515( L,(0) = arg Igleaéc log L. (6).

Example 1.2.2 (Location model): o Assume F € 1 = {y— ®(y/o) | 0 € (0,00)},
where ® is the cumulative distribution function of the standard normal measure.
Then X; " N (, 02) and the MLE of g is

i(z) = log Ly (4,
fi(x) = m (arg oyx log (1 0))

n 1 &
- ——log(27c?) — — F—u)?
T (arg (H,U)rerﬁ?a;fi(o,oo) 2 Og( i ) 20 j:l(xj ,LL) )

n

= 1 — - 2 e
arg glelﬂgl;(u ;)

n
Zl’j.
j=1

where 71 is the projection in the first component. In particular the estimate of u is

the r.v. A(X) =1 i1 X

oo 20

o Assume F € Fp = {F(y) = [Y 5 exp (—%) dz | o € (0, oo)} (distribution func-
tions of the Laplace laws). Then X; Lig- Laplace(p, o) and the MLE estimator for

s
i(z) = log L
fi(z) = m (arg oy los x(ﬂ70)>
o8 (55 )~ = 3 las
= r max — — - = i —
Wl ag(u,a)eu%ax(o,oo) 8\ 95 0= i H

n T(nt1) if n is odd
= arg min —xi| = 2 .
5 HER 2:21 I =l {m<n/2>+;“(n/2+1) if n is even
In particular the estimate of y is the r.v.
X(L-H) if n is odd

i(X) = X mdx :
Ao/ if s even

1.2.2 Method of moments

Definition 1.2.3: Let x = (x1,...,2,) € R", the empirical distribution associated to
this numbers is the probability measure with cumulative distribution function

~ 1
7j=1
where 6, for y € S is the Dirac’s delta measure located in y.

Remark 1.2.4: Of course given a sample X = (X7,..., X,,) we can consider the empirical
distribution associated to X that is the random measure

Ay 1&
PY = =3 6y,
njzl
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If X is a sample from the distribution v, the empirical distribution associated to X can
be seen as an approximator of it.

The idea of the method is to match the moments of the empirical distribution associated
to our sample with Py varying 6 € ©..

Definition 1.2.5: Take j € N;. The j-th moment of a probability measure v is
mj(v) =L [Yj] where Y ~ v.

In our case were we have a statistical model we will indicate m;(6) = m;(Py) for every

0 e o.

Definition 1.2.6 (Moment estimator): Let § € © C RP for some p € Ni and let
Jy |z[P dPg(x) < +o0 for every 6 € ©. We define m : © — RP s.t.

m(6) = (m;(0))j-,-

Moreover if m has a continuous inverse we define the moment estimator

where 7 (x) = m;(P*) for every j = 1,...,p.

Example 1.2.7 (Normal): X; N (1, 02), then considering the statistical model in-

duced by the sample

2\ A A 1 n . ~ 1 n .
ma(p,0%) = p fo =11 =5 300z fo= 5 20 T

2y _ 2 2 A2 A2 o~ 1N 2 A2 o 42 1§ A
mg(,u,a)—a +p O+ [P =mz = 2 j—17j o" =Mmg —mi =, j:l(%

Example 1.2.8 (Negative binomial): Xj ¥ NegBin(k, ) with 6 € (0,1) and k fixed.

We have to match only the first moment:
1-14 A k

m(0) = m1(0) = By [X] = k:T =0=m"1(m) = TR

Example 1.2.9 (Pareto distribution): pg(z) = (1 + )~ 1+ for 2 > 0, 6 € (0,00) = O.
Again we have to match only the first moment. If # > 1 then

m@)=mi(f) = —— =0=m" (1) =1+

1.2.3 Plug-in estimators
In moments estimators we:
(1) found the map m : © — RP;

(2) substituted the empirical moments (the evaluation on the empirical measure of an
extension of m on a M C M;(X) that contains (Py)gco and the empirical measures)
in the inverse of the map m.

m1

)2



6 1.3. Sufficiency and Neyman-Fisher factorization

However, this procedure can be applied with applied with different maps @) : M — © with
M C M (X) that contains (Py)gco and the empirical measures.

Definition 1.2.10: Let Q : M — © with M C M;(X) that contains (Py)gco and the
empirical measures, then

T(z) = Q(P")

is called plug-in estimator for 6 associated to Q.

Example 1.2.11: e Suppose © C RP, the map

Q) = m~! </X:cd1/(:c),...,/xxpdu(x))

gives the method of moments.

e The map
Q(v) = arg max/ log(Lg(z)) dv(x)
0cO Jy
gives the MLE. Indeed

1 n
T\ _ - Y —
Q(Py) = arg r(g1€a@X - ]Ezl log(gs(z;)) = arg rgleaéc L,(0).

Moreover the following holds.
Lemma 1.2.12: For every 0y € © holds Q(Pg,) = arg maxgpee Eg, [log(ps,)] = 0o-
Proof. Remember that for # > 0 holds log(z) < z — 1, hence

(20} iy o) = o (12

for every 6 > 0, so the thesis follows. O

1.3 Sufficiency and Neyman-Fisher factorization

Definition 1.3.1: Let (X, F, (Pg)gco) be a statistical model dominated by the measure
p and (E,E) a measurable space. A statistic S : @ — E is sufficient if Py(-|S) does not
depend on 6.

Remark 1.3.2: If (X, F) is a Borel space (any polish space is Borel) then regular con-
ditional densities exists. So in this case, in the context of the previous Definition, the
statistic S is sufficient if and only if the regular conditional probability kg(s, -) of Py w.r.t.
S does not depend on 6.

For example when X is discrete we have ky(s,{z}) = Po({z}|S = s), where S = s
means as always {x € X|S(x) = s}.
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Example 1.3.3: Consider the statistical model induced by the sample X = (X;,..., X,,),
with X s Poisson(f) and take S(z) = 377, z;. Hence taking Py the law of X =
(X1,...,Xn)

0 if s #3702
Po({(x1,...,zp)}| S =3s) = I, 6—923' N
W if s = ijl x;
and
Y 6_9% sle~ndgrit-tan ) % s!
e—no (00— e~ "Insgt e [T !

s!

that does not depend on 6, so S is a sufficient statistic.

Theorem 1.3.4 (Neyman-Fisher factorization): Consider a statistical model (X, F, (Pg)oco)
dominated by the measure u, a measurable space (E,E) and a statistic S : X — E. The
following are equivalent:

(1) S is a sufficient statistic;

(2) given L(0,x) a likelihood function, for every 6 € © and p-a.e. x € X holds that the
likelihood is of the form:

L(0,z) = go(S(z))h(z).

Proof of the discrete case. Assume that X is discrete and p is the counting measure. Take
Qo the law of S, that is Qp({s}) = > zex Po({z}). For every z € X s.t. S(x) = s we

T )=sS
have

0 if S(x) # s

Po({z}[S =s) = {[Pg({:c}) if S(z)

Qo({sh 5

If (1) holds, then S is sufficient we have that Pyg({z}|S = s) = h(x) does not depend
on 6 and for every x € X taking s = S(x) we can write

L(0,z) = Po({z}) = Po({x} [ S = s)Qa({t}) = h(x)ge(S())-

Viceversa if (2) holds, then

Qo({sh) = > Po({z}) =go(t) > h(x)
St St

hence for every z € X s.t. S(z) = s holds

o go(s)h(x) _ h(z)
Po({z}[S =s) = 96(5)Y zex Mx) X sex hlx)
S(x):s S(I)ZS

that does not depend on 6. O



8 1.4. Bias and the Blackwell-Rao theorem

1.4 Bias and the Blackwell-Rao theorem

Fix a statistical model (X, F, (Pg)oco), a function of the parameter g : © — R™ and an
estimator T : X — R™ of g(0).

Definition 1.4.1: The bias of the estimator T is
biase(T) = o [T] — g(0).

The estimator T is called unbiased if biasy(T") = 0 for every 6 € ©.

Example 1.4.2: o Let X ~ Bin(n,#) with § € (0,1). Take Bin(n, ) with 6 € (0,1).

Take T'(x) = & where z is the number of successes, then

1
biasyeo (1) = Eg [T] =6 = ~Eq[t] =6 = ~nf — 0 = 0

1
n

so T' is an unbiased estimator for 6.
« Let X = (X;...,X,) beasample with X; ~ Poisson(6). Consider T'(z) = 1 1T

then

binsoco(T) = Eg [T] — 0 = - Egfey] 6= 2nf—6—0
1aS - — = — €Til — = —nb — —
0co 0 n 0 7; -

hence T is an unbiased estimator for 6.

o Let X = (X1...,X,) be asample with X; ~ N (u, 0?) with 6 = (u,0?) € Rx [0, 00).
One can check that 7 = >_j=1 j is an unbiased estimator for ;{ Moreover S?(z) =
n

L > 51 (@n, —T)? is an unbiased estimator for 0 while 72 = 1 3>%_, (x, — T) is a

biased estimator for 2.

Definition 1.4.3: If Ey [||T?] < +oo for every 6 € ©, the mean squared error (MSE) of
the estimator T is
MSE(T) = Eg [T - 9(0)[?] -

Given a second estimator S : © — R" of g(#) s.t. Ey [||S]|?] < +oo for every 0 € ©
it is called preferable if MSEq(S) < MSEy(T) for every 6 € O and strictly preferable if
MSEy(S) < MSEy(T) for every 6 € ©.

Consider D a family of estimators of g(f), an estimator T € D is called optimal among
the estimators in D if it is preferable to any other estimator in D.

Lemma 1.4.4 (Bias-variance decomposition): Suppose that Eg [||T||?] < +oo for every
0 € ©, then
MSEy(T) = ||biasg(T)||* + Varg(T) for every 6 € ©.

Proof. Holds that
Eo [IIT = 9(0)[1%] = Eo [IT12] + ll9(0)|* - 2(g(6), Eo [1])
= [|IT11%] = 1Eq [T] 1% + 1Eo [T] * + lg(®)II* — 2(9(6), Eq [T])
= Vary(T) + Hbiaus@(T)H2
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Example 1.4.5: Consider the statistical model induced by the sample X = (X1,..., X},)
with X Lid N (p, 0%) defined on some probability space (€2, A, P) and 5%(z) = 15 i (@i—
z)?, 62(z) = 1 i(zy — 7)? with 7 = %Z?ZI x;. One can check that S? is an unbiased
estimator for o2 while 62 is not, but we are going to see that at the same time the MSE
of S? is much bigger that the MSE of 2. So be unbiased is not “enough” to obtain a low
MSE.

Recall that % (X - X)? ~x2_, =T(%2, 1) and that if Y ~ I'(k, A) then the
mean of Y is % and its variance is % Then

E 1273()( 2| ="y 1
1 - _ o
J 2

hence

MSE@(S2) = Varg(SZ) = Varg (
and
MSEy(6?%) = biasg(6?) + Varg(6?)
n—1 2\ A2
Ey S%l —o°) + Varg(67)

— <n—1 2 - >2+<n;1>2\/ar9(52)

1 2(n— 1ot (2n—1)o*

U4+

n n?

and actually MSEy(62) < MSEy(S?).

Now we fix a measurable space (E,£). We want to use a sufficient statistic S : X — E
to reduce the variance of an estimator. From now on we suppose that for every 8 € ©
the probability Py admits a regular conditional probability kgy(s,-) w.r.t. S (for example
if (X, F) is a Borel space).

Remark 1.4.6: If S: X — FE is a sufficient statistic and 7T is an estimator for g(f), then
Ep [T ] S] actually does not depend on 6 since

Ep (T[S = 5] = / T(y)ko(s, dy)

and kg does not depend on 6 since S is sufficient. In this cases we will write E, [T"|S] to
point out the independence from 6.

Theorem 1.4.7 (Blackwell-Rao): Let S : X — E be a sufficient statistic and let U be an
estimator of g(0) with Eg [||U]|?] < 400 for every 0 € ©. Define V. =E,[U|S], then

(1) if U is unbiased, so is V;
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(2) MSEy(V) < MSEy(U) for every 6 € ©.

Furthermore, either U = h(S) Pg-a.s for every 6 € © for some measurable function h or
there exists 0y € © s.t. the inequality in (2) is strict.

Proof. (1) We have Ey [V] = Eg [U] by definition of conditional expectation.

(2) We have
MSE(V) = [[Eg [V] — g(6)||* + Vare(V)
and
MSEy(U) = |[Eg [U] = g(6)||” + Vary(U)
but Eg [V] = Ey [U] so since
Varg(-) = Eg [Var.(-| S)] + Varg(E, [ | S])
we can write
MSEy(U) — MSEg(V') = Varg(U) — Varg(V)
= Varg(E. [U | 5]) + Eg [Var, (U | S)] — Varg(E. [U | S])
= [Ep [Var, (U |S)] > 0.
Assume now that for all measurable functions h there exist 8(h) € © s.t. Py(h(S) #

U) > 0. By Doob’s measurability criterion there exists a measurable function hg s.t.
V = ho(S), hence

Eo [Var.(U | 9)] = B [E. [(U = V)?| S]]
= [E. [(U = ho(5))?| S]]

=Ep [(U = ho(8))?] >0
choosing 6 = 6y = 0(hy). O
Example 1.4.8: We consider the statistical model induced by the sample X = (X3

where X; Ligd Poisson(6). Take g(6) = e%. A possible esimator for g(6) is T(x) =
0), that is unbiased since

it
—
8
[

I

Eq [T] = Po({z1 =0}) = ¢~* = g(0).

Probably this estimator has high variance, so we want to use Blackwell-Rao Theorem 1.4.7

to improve it. Remember that in this case S(x) = > 7, z; is a sufficient statistic, so we

have

EL[T|S=s=Pg({x1 =0}|S =5)
_ Py(S=s{z1 = 0})Ps({z1 = 0})
Po(S = s)
Py ({Zhem = s}) Pa({zr = 0})
a Po(S = s)

B 6_(”'_1)'9 ((”‘;)9)5 6—9 B (n . 1)8

e—nf (M9)° o

s € n

n

S
so a better estimator for g(0) is V =E,[T|S] = (”—_1) and it remains unbiased (by the
mentioned theorem).
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1.5 Completeness and UMVU estimators

Fix a statistical model (X, F, (Pg)gco), a measurable space (E, &), a function of the pa-
rameter g : © — R™ and an estimator 7' : X — R" of g(0).

Definition 1.5.1: An unbiased estimator T™ is unifom minimum variance unbiased
(UMVU) if for any other estimator T" we have Vary(T™*) < Vary(T) for every 6 € O.

Definition 1.5.2: A statistic S : X — E is complete if for every h : E — R measurable
and indipendent of 8 holds that for every 8 € ©

Eg [h(S)] = 0= h(S) =0 Pp-as. .

Lemma 1.5.3 (Lehmann-Scheffe): Let T be an unbiased estimator for g(8) with By [||T?] <
400 for every 8 € ©. Let S be a sufficient and complete statistic, then:

(1) T* = £, [T|S] is UMVU;

(2) for every unbiased estimator T of g(6) with Eg [HTHQ} < 400 for every 6 € © holds
that E, [T\ S} =T* Py-a.s. for every 6 € ©.

Proof. Using Blackwell-Rao Theorem 1.4.7 we get

Varg(E, [T | s}) = MSEy(E, [T | s}) < MSEy(T") = Vary(T)

for every unbiased estimator 1" of g(6) with Eg [HTHQ} < 400 for every 6 € ©. Hence we
can search for the unbiased estimator with minimal variance inside the family of estimators
of the form [E, {T | S’] with T like before. Now if 7" and 7" are two estimators like before
we get

Eo [E. [T]S] —E. [T S]] = 9(0) —9(0) =0 W0 ©
so using the completeness of S we get [E, {T | 5’] = [, {7:’ ] S} Py-a.s. for every 8 € ©. [

Example 1.5.4: (1) Consider the statistical model induced by the sample X = (X1,...,X,)
with X Lig- Poisson(f) and g() = e™?, 6 € © = (0,00). Let us see that the sufficient
statistic S(x) = >_7_; x; (that is sufficient) is also complete. Let h be s.t.

—nb (ne)s

s! =0

By [h(S)) = 3 h(s)e

seN

we are going to see that h = 0 Pg-a.s. for every 6 > 0. The sum ) h(s)e_"e(nsi!)s
can be interpreted as a Taylor expansion of the costantly 0 function (because the
sum is 0 by choice of h), then every coefficient is 0, that implies h(s) = 0 for every

s € N, that is h = 0 and this holds for very #. Hence S is complete and from that
S
follows that T* = E. [T'| §] = (251) " is UMVU.

(2) Consider the statistical model induced by the sample X = (X1,..., X,,) with X Lig:
Uniform(¢) and ¢g(#) = 6, § € © = (0,00). The statistic S(z) = maxi<j<, z; is
sufficient and has cumulative distribution function Fy(s) = ()" for s € [0, 0]. Hence
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S has density fy(s) = %1(3 € [0,0]). Let us see that S is complete. If h is a
measurable function s.t.

(4
Ep [A(S)] = /0 h(s)fo(sds) =0 V0 € ©

then [? h(s)s"!ds = Ofor every 8 € © = (0,00) and then h(s) = 0 for every s > 0.
0

We have , )
ns™— n
By [S] = ds = 0
o 19] /0 Ton T LT

hence T = ™1 is an unbiased estimator of § and E, [T'| S] =T = 2H.5 is UMVU.

1.6 Fisher information and Cramér-Rao lower bound

Let us fix a statistical model (X, F, (Pg)gco) dominated by a measure p with densities
(pp)gco. Consider the following assumptions:

(1) assume © C R* to be open and that pg(x) > 0 for every x € X and 0 € ©;
(2) for all measurable function f € L?(X, i) holds

Volbg [f] = VoE, [po f] = E. [Vapoe f1;
(3) for every 6 € © holds Ey [||Vglog(pe)||?] < +oo.

In the following, given a two r.v’s Y7, Y5 : X — R, we will use the notation
Covy(Y1,Y2) = B [(Y1 — Eg [Y1])(Y2 — Eg [Y2])]

for the covariance between Y7 and Ys under Py. Furthermore givenar.v. Y = (Y7,...,Yy):
X — RF we will call Covg(Y) the covariance matrix of the r.v. Y under Py.

Remark 1.6.1: Assumption (1) does holds for example for gaussians distributions but
not for the uniform ones on R.

Remark 1.6.2: Assumption (2) holds for example if Vypy exists and Vypy € L2(X, p).
for every 6 € ©.

Lemma 1.6.3: Under the assumptions (1),(2) we have Eg[Vglog(pg)] = 0 for every
0 co.

Proof.
1
Eg [Velog(pg)] = Eg [Vepe}
Do
1
= / —(Vopo)pe dpt

B X Po
Z/Vepedﬂ
X

= Ve/pedu = V(1) =0.
X
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Definition 1.6.4 (Fisher information matrix): Let assumption (1)+(2)+(3) hold. We
call the matrix-valued function Z : © — R¥** with entries

Z(0)i; = by {(391- log(pg)) (e, 10%"(1?9))] Vi,je{l,... k}

the Fisher information matriz of the dominated model (pg)pco. Further we call the
function s : © x X — R s.t.

s(0,z) = sg(x) = Vg log(ps(z))

the score function of the dominated model (pp)gco.

Remark 1.6.5: By the previous Lemma the Fisher information matrix is the covariance
matrix for Y; = 0y, log(pe) : X — R with j € {1,...,k} since

Covo(¥:. ;) = Eo [(Y: — B9 [Yi)(¥; — B9 [Y;])] = Eg [V;¥;] = Z(0),,
for every i,7 € {1,...,k}.
Remark 1.6.6: Alternatively holds

1 ..
I(e)lj = [E9 179(691'179)(8%799) \V/Z,] € {L ey k}

Remark 1.6.7: The Fisher information matrix is symmetric and positive semidefinite
(since it is a covariance matrix).

Lemma 1.6.8: Let the assumptions (1),(2),(3) hold. For every i,j € {1,...,k} holds
Lo
[Eg 780 0.Po| = 0 VO e o.
po
Proof. We have
Ep |02 ~ [ Lz d
0 | pg 0020 | = : pe( b..0,P0)Po dpt

= 03,., /Xpe dp =03 4,(1) = 0.

Proposition 1.6.9: Let the assumptions (1),(2),(3) hold. For all § € © we have

Proof. We have

37, 0, 108(po) = Bp,0p; l0g(py)

1
= 0Oy, <3ajp9)
Po

1 1
= —05 9.p0 — —5(99,00) (D0, Po
— pg( .P6)(0p;10)



14 1.6. Fisher information and Crameér-Rao lower bound

that, taking the expectations and using the previous Lemma, gives
2 L o
Eg {591-,9]- 108;(;09)] = [y p*e@ei,ejpo —Z(0)ij = —Z(0).
O

Example 1.6.10 (Gaussians): Consider the statistical model induced by a sample X =
(X1,...,X,) with X; "% N (1, 0%) and 6 = p. Tt holds

"1 (z —m)?
log(pu(z)) = = —5 log(2m0?) — BTy —
j=1
hence n
T —p
aﬂ 10g(pu(l')) = Z 252
j=1
that holds

Theorem 1.6.11: Consider two statistical models (S1,S1, (Pél))geg), (Se, So, (Fég))geg)
both satisfying assumptions (1),(2),(3) with dominating measures p1 and pg respectively.
Then the product statistical model (S1 x S2,S1 ® Sa, ([Pél) ® I]D(gz))ge@) satisfies assumptions
(1),(2),(3) with dominating measure p1 @ po and

Z(0) = 1.(0) + Z2(0)

where 11 and Iy are the Fisher information matrices of the two considered statistica models
and T is the Fisher information matriz of the product statistical model.

Proof. If pél) and pém are the densities of the two considered statistical models and py is
the density of the product statistical model, we have

Z(0) = Covg(Vglog(pyg))

— Covy(Vo(log(pi") +log(p}?)))

(previous Lemma) = Covg(Vy log(pél))) + Covp(Vy log(p§2)))

= T7:(0) + Z2(0).

O]

Corollary 1.6.12: Consider the statistical model (5", S®™, (Py")geo) induced by a sam-
ple X = (X1,...,Xp) with the X;’s with values in S. We indicate its Fisher information
matriz Z,(0). Then if Z1(0) is the Fisher information matriz of the statistical model
(S, S, (Py)geco), we have

Z,(0) =nZy(0) VO € O.

Lemma 1.6.13: Let b € RF and A € RF*F symmetric and positive definite, then

b 2
sup L;’ ) =T A1,

acRk @ a
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Proof. There exists a symmetric invertible matrix B € RF** s.t. A = B2, then

(a,b)*  (B7'y,b)*  (y,B 'b)?
alAa — (AB~ly,B~ly) |yl
and
b)? B~ 1b)?
Sup<6;>:u<y7 2>
acrk 0" Aa yeRFk [yl

= |B7'||> = (B~'b, B~ ')
= ((B™H%,b) = (A 1D, b).

O

Theorem 1.6.14 (Cramer-Rao lower bound (CRLB)): Let the assumptions (1),(2),(3)
hold. Let g: © C R¥ — T' C R be a measurable function and T be an unbiased estimator
of g(0) s.t. T € L%(X,Py) for every 6 € ©. Then assuming the Fisher information matriz
Z(0) to be invertible for every 6 € O, we have

Varg(T) > Veg(0)TZ(0) " Veg(h) VO € O©.

Proof. The estimator T is unbiased, hence
Vgg(0) = Vol [T] = Vo /x Tpg dp

:/T(Vepe)pedu
X Do

- /X T(Vglog(ps))po dp (1.1)

=g [T(Vglog(pg))] — Eg [Velog(pe)| Eg [T
=0 (Lemma 1.6.3)
=y [Vglog(pg) — (T — Eg [T])] -

If € R (that is k = 1), using (1.1) we get
99g(0) = Eg [0 log(pe) — (T — B [T])]

and using the Cauchy-Schwarz inequality we get (using Lemma 1.6.3)
909(0)? < Ey [(910g(py))?] Varg(T).

Now we do the case k > 1. For every a € R¥, using (1.1), we can write

(a, Vag(0)) = Eg [(a, Vg log(pe))(T — kg [T1)]

and using the Cauchy-Schwarz inequality we get

(a. Vg(6))* < Eg [{a, Vg log(pp))? | Vary(T)
=alE, [V@ log(pg) Ve log(pg)T} aVary(T')
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so it follows

and if we take the sup,cgk, using the previous Lemma we get
Varg(T) > Vog(0)"Z(0) 'Vgg(0).
O

Corollary 1.6.15: Let the assumptions (1),(2),(3) hold. Let g: © C RF =T C R™ be
a measurable function and T be an unbiased estimator of g(0) s.t. T € L*(X,Pg;R™) for
every 8 € ©. Then assuming the Fisher information matriz Z(0) to be invertible for every
0 € ©, we have

Covg(T) = Dgg(6)"Z(6) ' Dgg(6) V0 € ©

Proof. TakeT = (11,...,Ty,) and g = (g1, ..., gm). Since T is unbiased we have biasy(1}) =
0 for every 6 € ©, hence

m
biasy (ZajTj) =0 Vai,...,am €ER V€O
j=1
where the bias is calculated w.r.t. 337, a;g;(0). It holds that for every a = (a1, ...,an) €
[Rm
a’ Covg(T)a = Varg(a®T)

(By CRLB) > V(a”g(0))"Z(0)~'Vy(a” g(0))
= a' Dog(0)Z(0) ' Deg(6)" a

where the first equality is due to the following calculations

Varg(aTT) =[y [(i Clej) <§: asz>
j=1 i=1

m
= Z a; By [TjT;) a; = a* Covy(T)a.
ij=1

O]

Definition 1.6.16: An unbiased estimator T : X — ' C R™ of g(0) s.t. T € L?(X, Pg; R™)
for every 6 € O is called efficient if

Covy(T) = Dog(0)TZ(6) 1 Dgg(h) V6 € O.
Remark 1.6.17: In the one-dimensional case k = m = 1, if g(f) = 6 the CRLB gives

1
> —— .
Varg(T) > 7@ "0 <O

Example 1.6.18: Consider the statistical model induced by a sample X = (X1,...,X,)
with X Lig- Poisson(#), 0 € (0,00). We have

log(po()) = —6 + log(6) — log(a?),
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hence sg(x) = Vglog(ps(z)) = —1+ § and

X 1 1
Z1(0) = Varg(sg) = Varg(#) = ﬁvare(Xl) = .

Take g(#) = 6 and the estimator f(z) = X", z;, then

A 2
Varg(0) = %9 = i L= (a;.gEZ; )
0 n

so 6 is efficient.

Taking g(6) = e~? and the estimator T'(z) = ("T_1> 2y we have that this is UMVU,
but
2j J
o [TQ} = Z (1 + 1) (n@l) e Y
; n J!
JEN
1 ((n—1)2\
— efna = ((n ) 9)
jend: n
n-1)? 1—2n)6
— e 0 exp (( n) )
n
hence
Vary(T) = Eo [TQ] — o [T]
1—2n)6
= exp ((n)) — exp(—26)
n
= 6_29(6% —1)
S o200
n
_ (09(0))* _ (9pg(9))*
nZy(6) Z.(0)
since Jpg(0) = —e~?, so T is not efficient.

Remark 1.6.19: It is true that efficient = UMVU, but from the above example follows
that UMVU #- efficient.

1.7 Kullback-Leibler divergence

In this section we give a method to quantify how easy it is to distinguish between two
choices of parameters 61,02 € O in some model.
Fix a statistical model (X, F, (Pg)sco) dominated by a measure p with densities (pg)gco.

Definition 1.7.1: The discriminatory power between 01,05 € © at z € X is

h(01 |62)(z) = log (i? Eg) € RU {00}

defined on {pg, > 0} U{pp, > 0}. We use the conventions § = +oo for a > 0 and log(0) =
—00.
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Remark 1.7.2: THe set Ag, o, = {pg, > 0}U{pg, > 0} iss.t. Py, (Ag, 9,) = Po,(As,.0,) =
1, indeed
Po, (A91,92) > Po, ({p91 >0}) = Po, (X) =1

and the same for 65.

Definition 1.7.3: Take 6,0, € ©. The Kullback-Leibler divergence (KL-divergence)
between 61 and 6 is

DKL<&eﬁ:=Eevw&weﬂ]=:/“mg(pa)zmldu

Remark 1.7.4: For 61,60, € © hold Dk, (01 | 02) # Dkr, (02| 61), so the KL-divergence is
not a metric.

Recall the following classical result.

Theorem 1.7.5 (Jensen’s inequality): Let (Q, A, P) be a probability space, Y € L*(Q, P)
and ¢ : R — R be a convex function. Then E[p(Y)_] < +oo and the expectation E [p(Y)]
is well defined and in RU {+o00}. Moreover the following inequality holds

P(E[Y]) < E[p(Y)]

with equality if and only if Y is P-a.s. constant.

Proposition 1.7.6: For every 01,6 € © we have
(1) the KL-divergence Dk, (01| 602) is well defined in RU {4+o00};
(2) Dk, (01]62) > 0;
(3) Dkr, (01]602) =0 if and only if Py, = Po,.

Proof. (1) Take Y = p92 , then

Do
E, [[Y]] = Eg, [¥ /QZWAMZMJW=1

hence by the previous Theorem we obtain (1).

(2) Observe that

DKL (91 ‘ 02> = [Egl |: log (pel >:|
Poo

(Jensen's ineq.) > —log </ —pgz d,u> =0.

(3) Obviously if Py, = Pg,, then pp, = pp, p-a.e. on X and Dxy, (61 |62) = 0. Viceversa
if Dxy, (61 ]62) = 0, then the Jensen’s inequality in point (2) is an equality and as
% = ¢ Py,-a.s. for some constant ¢ > 0. But ¢ = Ep, [Y] =1

1
necessarly, hence for every A € F holds

[P92 (A) / Po, d:u / @pﬁ dlu = [P01 (A)

a consequence Y =
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POy _ 1
since o p-a.e.
1

O]

Theorem 1.7.7: Let the assumptions (1), (2) (3) hold for the considered statistical model
and assume that 02 "0/ fx log ( )pg du = fzz b 0! log ( )pg dp for every 0,6’ € ©. Then

9 o:Dx (019)

=7(0);; Vo .
oo (0);; VO €O

Proof. Deriving w.r.t 07 we get

1
0uyDrc (016) =~ [ (0 osCou oo =~ [ - @y )po

then deriving w,r,t, 6, we obtain

(B9 o) (Borper) D Doy
9 oDk (016") :/ ( s — ——— | ppdp.
30 X P2 o

Calculating for ¢ = 6 we get

9 oD (016

[ (9;p0')(O;p0) 1
0'—p _/X pgl Pbo ap

0'=0
since
2 2
309 0/’ 89; 0/Po
Podp = Po A
X Do X Do
9/
X
= /pedﬂ— h..0,(1) =0
X
Finally

89/ QIDKL 9 | 9

39' Per) 30'179/)
/ po dp
pgl

89’ Peor) 39'170')
/ d

0'=6

2
Dy

_ [(393409) (Do;po)
=Ly | ———
Dy

[ (aef.paf ) (89;199/) ]
Ep | ———F5——
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1.8 Exponential families

Fix a statistical model (X, F, (Pg)gco) dominated by a measure p with densities (pg)oco.

Definition 1.8.1: The family of probability measures (Py)gco is a k-dimensional expo-
nential family, with k € N, if

k

po(x) = exp (Z ¢;(0)T;(x) — d(e)) h(x)
j=1

where T = (T4, ..., Ty) is a statistic with values in R¥ and h : X — [0, +00) is a measurable

function.

Remark 1.8.2: In the context of the previous Definition:

(1) T1,...,Ty and c1, . .., ¢; are not unique, for example we can substitute 7; with a7}
and ¢; with écj where a # 0;

(2) the statistic T is sufficient (obvious from Theorem 1.3.4);
(3) necessarily h: X — [0,00).

Remark 1.8.3: Consider the statistical model (X, F, (Py)gco) induced by a sample X =

(X1,...,X,) with X R Py where (Py)pco an exponential family w.r.t. the dominating
measure v, then (Pg)geceo is an exponential family w.r.t. u = v®m.

Indeed, if gp is the density of Py w.r.t. v, then pyp(z) = [[j—; go(z;) is the density of
Py w.r.t. p and we have

Example 1.8.4: It is not difficult to see that the distributions Poisson (), N'(u, 0%) with
0 = (u, 0?) and Bin(n, #) are all exponential families (with  that varies in the respective

o).

Lemma 1.8.5: Suppose that (Pg)gco is an exponential family with densities

k
po(x) = exp (Z c;(0)T)(x) — d(@)) h(x)
j=1

with h : X — [0, +00) measurable s.t. h > 0 p-a.e. on X. If the set
C={(c1(0),...,ck(0)) | 0 € B}

contains an open set of R¥, then the statistic T = (Th, ..., Ty) is complete.
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Proof. Consider f: E — Rs.t. [,(foT)pgdu =0 for every § € © Note that C contains
an open set C' of R¥. For every 6 € O s.t. ¢(f) € C' we write

k
0= / f(T(x))exp (Z ¢j(0)T;(x) — d(9)) h(z) dp(x)
X =

k
= /[Rk f(t) exp (Z Cj(e)tj - d(@)) dVT(t)
=1

where vp = T, (hdu) (observe that since h is non-negative h dy is a non-negative measure).
Hence

/ £+ () exp((c, 1)) dvr(t) = / F-(8) expl{c, 1)) dv(t) Ve e
Rk Rk

that implies f1 = f_ on supp(vr) (since the Laplace transform is injective: we obtain the
equality of the two non-negative measures f dvp, f— dvr on the open set '), so f =0 on

supp(vr). =

Theorem 1.8.6: Suppose that (Pg)eco is an exponential family with k =1 and © C R,
so that
po(z) = exp((c(0), T (z)) — d(0))h(z) VzeX Ve O.

Then the sufficient statistic T is an efficient estimator for g(0) = Eq [T].
Proof. Observe that the score function is
so(x) = Oplog(pe) = —pd(6) + T'(x)pc(0)
= ~0ba(6)+£o[T)0pc(6)+(T—E4 [T])pc(6):
As seen in the proof of CRLB (Theorem 1.6.14)

0p9(0) = Eg [so(T — Eg [T])]

but sg is affine in T — Ey [T], so by Cauchy-Schwarz inequality in the case of equality,
follows
Bs9(0)* = Eo [83} Vary(T)

that implies Varg(T') = AR
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Asymptotics

2.1 Generalities and M-estimators

In this chapter we study the following situation: consider a statistical model (S, S, (FPy)gco)
and an infinite sample, that is a sequence of r.v’s X = (X )nen,, Xj : @ — S for every
j € Ni. We want to study what happens in this limit, that is "for n — +o00”. To do
so we take the statistical model induced by the sample X, that is the statistical model
(X.F, (Pp)geo) with X = SN+ F = SN+ and Py = Py for every § € ©. Where the
probabilities Py are defined using the Ionescu-Tulcea theorem.

In the following sections given ar.v. f: 5 — R and any 8 € O, we will use the followng
notation:

Ep, ()= [ £dP.
S
Lastly we fix a measurable function g : © — I' C RP.

Definition 2.1.1: A sequence of estimators for g(0) is a sequence of estimators (T, )nen
for g(0) s.t. T, : X — T for every n € Ny.

Definition 2.1.2: An estimator T, : X — T of g(#) is called M-estimator if there exists
a function p: S x RP — R, called cost or loss, s.t.

T.(z) = argmm—Zp zj,c) Yo € X.

Example 2.1.3: Suppose that (S, S, (Py)eco) is and take dominated Lg(z) a likelihood
function. If g(#) = 6 (so ¢ = 0 and I = O), taking p(z,0) = —log(Le(z)) we get the the
MLE is an M-estimator.

Remark 2.1.4: In the context of the previous Definition, if p(z,-) is C! for every x € S,

23
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then the M-estimator can be obtained setting
n
Z VQP(xjv 9) =0.
j=1

Definition 2.1.5: An estimator T, : X — T of g(0) is called Z-estimator if there exists
a measurble function ¢ : 5 x I' = R s.t.

Y(x, To(z)) =0 Yz € X
1

n

J

Remark 2.1.6: So if the cost function is C' in #, then a M-estimator is also a Z-estimator.

We would like that the "accuracy” of the estimate 7,,(X) of ¢g(#) to increase an n
grows. Mathematically we want to study when T,,(X) — ¢(0) for n — +oo for some type
of convergence.

Definition 2.1.7: A sequence of estimators (13, )nen, for g(6) is called consistent if

T, i g(#) for all # € ©. Meanwhile it is called strongly consistent if T, — g(6) Po-
q.c. for every 0 € ©.

Definition 2.1.8: A sequence of estimators (1},),en, for g(0) is called asymptotically
normal with asymptotic covariance matriz (0) if

VT, — g(0)) 5 N(0,%(0)) w..t. Py forall 6 € ©.

Definition 2.1.9: Consider ¢ € I' and p : S x I' — R a loss function. We call risk the
function R : © x I' = R s.t.

R(0,¢) =Ro(c) =Ep, [pc] Veel Vo eO.

where p. = p(,¢). Given an n € Ny, we call empirical risk (of size n) the function
Rp: A xT = Rsit.

A

Rn(x,c) = ch(azj) Vx e X Veel.
j=1

S

Lastly, we call
~(6) = arg min Ry(c).
cel

Remark 2.1.10: The r.v. 4, : X — I' s.t. 4,(z) = argminger ﬁn(x,c) is an unbiased
M-estimator of g(6), so 4,,(X) = arg min.cr Ry, (X, ¢) is an M-estimate of v(8).

Recall the following two theorems from probability theory that will be useful in the
following.

Theorem 2.1.11 (Cramer-Wold): Let (Zy,)nen and Z be of RP-valued r.v.’s. Then

Zo 5 7 = (a,Z,) 5 (a,2Z) VaeRP.
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Proof. For a r.v. Y we will indicate its characteristic function as ¢y.
The thesis is a simple consequence of the Levy’s continuity theorem. It states that

Z, 5 Z if and only if ¢z, (a) = ¢z(a) for every a € RP, that means
E [exp(i{a, Zy,))] — E [exp(i{a, Z))] Va € RP

and this happens if and only if (a, Z,,) — (a, Z) for every a € RP. O

Theorem 2.1.12 (Portmanteau): Let (Z,)nen and Z be RP-valued r.v.’s. Denote Q the
cumulative distribution function of Z

Q) =P(Z<2)=P(Z1 < 21,...,2,< z,) Vz€RP.

The following are equivalent:

(1) Zo 5 Z, that is E[f(Zn)] — E[f(Z)] for every f € Cy(RP);

(2) E[f(Zn)] = E[f(Z)] for every f : RP — R bounded and Lipschitz-continuous;

(3) E1f(Z,)] = E[f(Z)] for every f : RP — R bounded and (Z.P)-a.s. continuous;

(4) P(Z, < z) = G(2) for every continuity point z € RP of G.
Proof. Not covered. O
Theorem 2.1.13 (Slutsky): Let (Zn)nen, (An)nen and Z be RP-valued r.v.’s and a € RP.

If Z, 5 7 and A, L a, then
(An, Z) 5 (a, Z).

Proof. Not covered. O

Now let us fix some notations.

Definition 2.1.14: Let (Z,)nen be a sequence of RP-valued r.v’s, we will say that it is
bounded in probability or uniformly tight and we will write Z,, = Op(1), if
lim limsupP(||Z,| > M) =0.

M—+00 p—s+oo

While if Z, = 0 we will write Z, = op(1).
Moreover if (7, )nen is a sequence of (0, 00)-valued r.v.’s we will write Z,, = Op(ry,) if
Zn — Op(1) and Z, = op(1) if f—: = op(1).

Tn

Lemma 2.1.15: Let (Z,)nen and Z be of RP-valued r.v.’s. If Z, A Zy, then Z,, = Op(1).

Proof. Using the Cramer-Wold Theorem 2.1.11 we can restrict to study the 1-dimensional
case (p = 1). By Portmanteau Theorem 2.1.12; if G is the cumulative distribution function
of Z we have that

P(Z,>M)—1—-G(M)

for every M € R continuity point of G and analogously

P(Zy < —M) — G(—M)
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for every M € R s.t. —M is a continuity point of G. Since 1 — G(M),G(—M) — 0 for
M — +o0 the thesis follows. Indeed

lim limsupP(|Z,| > M)= lim (1-G(M)+G(—M))=0.

M—+400 p—+co M—+o0

O]

Definition 2.1.16: A sequence of estimators (13, )nen, for g(f) is called asymptotically
linear with influence function lg : S — RP if By [lg] = 0,

E [[llg]|?] < +oo

and

S|

T, — g(0) = jz:le(Xj) + op, (\/15)

for n — +o0 for every 6 € O.

2.2 Consistency and asymptotic normality of M-estimators

Consider the context of the previous section. We fix also a cost function p : S xI' — R
and consider the associated risks R and R, for n € Ny. We also consider the minimizer
v(0) € I of Ry and the M-estimators 4, (z) = arg min.cr R, (z, ¢).

Definition 2.2.1: The minimizer v is called well separeted if for all € > 0
inf {Ry(c) | lc =] > €} > Ra(7(0)).

Theorem 2.2.2: Suppose that
(1) T is compact;
(2) ¢ pe(x) is continuous for every x € X;
(3) Eo [supcer |pel] < +o0.

Then we have

max Rn(-,¢) — Ro(c)| = 0 Py-a.s. for every 6 € ©.

In particular
Ro(An) — Ro(v(0)) Pg-a.s. for every 6 € ©

and if v is well separeted this implies

An — ¥(0) Pg-a.s. for every 6 € ©
or, in other words, the sequence of estimators (Yn)nen, for v(0) is strongly consistent.
Proof. (Optional) For every z € S, 6 > 0 and ¢ € I' define

w(z,d,c¢) = sup {|pe(x) — pc(x)| | €T, || —¢| <&}
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Then
w(x,d,¢) = 0 when § \, 0 for every € S

so by dominated convergence
Ep, [w(-,d,¢)] = 0 when 6 \, 0.
Hence for every € > 0 and ¢ € I there exists a 6. > 0 s.t.

Ep, [w(:,0¢,¢)] <e.

Take B. = {c €T | || —¢|| < 4.}, then {B.}cer is an open covering of I' that is compact,
so there exists a finite sub-covering {B,,...,Bc,y}. For any j € {1,...,N} and any
r € B, holds
|pe() = pe; (€)] < w(z,0c,,¢5) V€S,
as a consequence for ¢ € B,
max Ry (-, ¢) — Rg(c)| <

cel
n

N 1
max |[Rn(-,¢;) — Ro(cj)|+ max — > w(-,8c;,¢j) + max Ep, [w(~,5cj,cj)}

1<j<N 155N n = 1<j<N
— 0 Py-a.s.
— 2 max E {w~6.c-]<25 Pg-a.s. VO € ©
1<jen 10 (05 ¢5)] < 0

that gives the first part of the thesis, where we used the strong law of large numbers
to conclude that maxi<j<n |Rn(,¢;) — Ro(c;j)| = 0 and maxi<j<n % S w(eydes,c5) =
maxi<;j<n Ep, [w(-, 5cj,cj)} Py-a.s. for every 6 € ©

Now the second convergence result of the theorem follows:

0 < Ro(n) — Ro(7(0))
= _[(ﬁ'n(7 An) - R@(’AYH)) - (7?,”(,’)/((9)) - R@(’Y(G)))] + [ﬁ'n(f?n) - 7%'71( 77(9))]
< —[(Ra(-+4n) = Ro(Gn)) = (Ru(-,7(6)) = Ro(+(6)))]

< 2max [Rn(-,¢) — Rg(c)] = 0 Pgp-as. V€ O.
0

Theorem 2.2.3: Take g(0) = 0, n particular T' = © and we call 4, = 0, and the
M-estimator v(0) = 6p;(0) = arg mingcg Rg(6'). Suppose that

(1) © is compact;
(2) 0 — po(x) is twice differentiable on Int(0©) for every x € X;

(3) For every 6 € © called H(y,0) = V3,p(y,0) and s(y,0) = Vep(y,0) for y € S and
0 € O, assume H(y,-) to be bounded for every y € S, Ag/(0) = Ep, [H(-,8")] to be
positive definite for every 0,60 € ©, Ep, [s(-,0")] = 0, Varp,(s(-,0)) < +oo for every
0,0 € O©.
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Let us indicate By (0) = Ep, [s(-, TS, 9’)}. Then

VB~ 611(8)) 5 N (0.841(6)) V6 € O,
where Ypr(0) = AQ_J; (0)By,, (Q)Ag]\}l (0) forevery 6 € O.

Proof. Not covered. O

2.3 The 5-method

The delta method is a method of deriving the asymptotic distribution of a sequence of
random variables.

Theorem 2.3.1 (6-method): Let (T},)nen and Z be of RP-valued r.v.’s, ¢ € RP, (ry)nen C
(0,00) s.t. 7, \y 0 and h : RP — R continuous and differentiable at ¢ with gradient Vh(c).

Suppose that

T_
n"C Ly

Tn
then

hTn) = 19 & Gp(e), 2).

Proof. By Slutsky’s Theorem 2.1.13 we have that

T, —
<Vh@& £ (Th(e), 2).
Since T’;—;C converges in law we have that w = Op(1), hence || T}, — ¢|| = Op(ry), but

by Taylor’s theorem

W(Tn) = h(c) = (V(h)(c), Tn = ¢) + o(|[Tn = ¢l))
= (V(h)(€), Tn — ¢) + 0p(rn)

hence h(T, h V(h T,
( n) — (C) — < ( )(C)> n—C> +Oﬂ>(1)
Tn T'n
and the result follows (a sequence of r.v.s that is op(1) converges in law to 0). O

Corollary 2.3.2: Let (Ty)nen be an asymptotically normal sequence of estimators for
g(0) € © C RP with limiting distributions N(0,£(6)), 6 € ©, and let h : RP — R be a
continuous function differentiable at 0y € © with gradient Vh(6y). Then

Vi(h(Ty) = h(g(60))) 5 N0, (Vh(00) S, VA(6o))) w.r.t. Po,.

Corollary 2.3.3: Let (Ty)nen be an asymptotically linear sequence of estimators for
g(0) € © C RP with influence function lg and let h : RP — R be a continuous function
differentiable at 6y € © with gradient Vh(0y). Then (h(T,))nen, s an asymptotivally
linear sequence of estimators for h(g(0)) with influence function (Vh(60o),ls(-)).



3

Gaussian Random Variables and Linear
Models

3.1 Distributions related to gaussians

Recall that given X1,..., X, i N(0,1) then

n

Y = X:XJ2 ~ X2(n)
j=1

where x2(n) is the chi-squared distribution with n degrees of freedom, in particular

1

_ n/2—1,-y/2

Theorem 3.1.1 (Cochran): Fiz Xi,..., N, b N(0,1) and denote X = (Xq,...,X,).
Let E1®---® Ey be an orthogonal decomposition of R™ with respective dimensions ri,...r1g
(so Z?:l rj = n). Further denote by 7, : R — Ej the projection to E;. Then the r.v.’s
Y; =mg;, X are mutually independent and ||Yj]|* ~ x*(r;).

Proof. Let {n;};=1,. » be an orthonormal basis of R" s.t.

J—1 J
E; =span{n |l = Zrh+1,..-,zrh}7
h=1 h=1
where we set rp = 1 and we consider the orthogonal matrix AT = (ny| ... |n,) € R™*".

Observe that for every j =1,....,n
j.id.
Zj = (AX); = (X,n;) "~ N(0,1)
then if J; = {Z;;ll A1, el i =1,..., k, we have

TE,X = Z<X7 77j>77j = Z Zin;

Jj€J; Jj€J;

29
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hence mg; X is independent of g, X when j # k since they are functions of disjoint subsets
of independent random variables. Furthermore

lme X112 = > Z7 ~ x*(rs).

Jj€J;
O
In the following given a sample (X1,...,X,) we will denote
— 1
X=- > X
j=1
1 n
§%=5%(X) = X; - X)?
)= =1 L - )

Theorem 3.1.2: Let X = (X1,...,X,) be a sample with X; LR N(m,a?).

(1) X~ N 0,1);
(2) & T (X, = X)? = 22482 ~ (= 1);

(3) X is independent of S* and Lsm\/ﬁ ~tn—1).
Proof. (1) Follows from the well known properties of gaussians.

(2) Let Ey = span{n}, where n = (1/y/n,... ,l/ﬁ)T and By = E+. For j =1,...,n
define Y; = Xj;m and observe that Y = £ —™ and that 75 Y = \/nY. Moreover
defining Y = (Y1,...,Y,)T

n Y n B 2

a0 =X g (=) = (X —m)

o

o2

n n
=S ¥} +aY —2Y Y
j=1
n
ZZYjQ—i-n?Q—Zn?

- 52

=2 Y —nY
j=1

= |

YI[* ~ l7e, Y|? = |l7e, Y|
and using Cochan’s Theorem 3.1.1 we get

Z?:l(Xj - Y)Z
2

> = |Im,Y||* ~ x*(dim(E)) = x*(n — 1).
(3) Follows again by Cochran’s Theorem 3.1.1 since @\f =Y /n = (ng,Y,£) (with

€= (yn,...,/n)) and S% = n"—leﬂEQYHQ are functions of independent r.v.s.
O
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3.2 Linear models and least squares linear regression

We collect data {(Xj;,Y;)}7_;, where (Xj;,Y;) are i.i.d., and we suppose:

Y| Xj ~(0,6(X;)) + 0Z;
were we can interpret 6 as the influence of the quantity represented by the X;’s on the
quantity represented by the Y;’s and the 0Z;’s as the influence of other external random
factors, where Z; is supposed to be a centered r.v. with unitary variance. We want to find
the conditional law of Y; w.r.t. Xj, that is characrterized by the parameters (0, 0).

The least squares linear regression is a technique to estimate # with the slope of the
line minimizing the MSE with the given data, that is:

f minimizes Z(YJ — 09(X;))%.
j=1
Example 3.2.1 (Offsets): Consider the affine model
Y} :90+91Xj+Zj

with Z; are centered i.i.d. r.v’s. Then we can fit

2
A ' n , n 0 1
0 = a‘rgmln(eo,@l)E[Rz E (Y}—(GQ—FHlXJ))Q = a’rgmln(eo,el)E[RQ (Y] - < <9?> ’ (X) >>
=1 J

Jj=1 J

Example 3.2.2 (Quadratic): Consider now the model
Y; =00+ 01X, + HQXJZ + Z;
where the Z;’s are as before. We sill find a model fitting the dataset minimizing
2

n 6o 1
0 = argmin g 9 )cge Z Y; - < 01|, X; >
j=1

Observe that the model is still linear in 6 = (0y, 01, 02)7.

Definition 3.2.3: A linear model is a statistical model induced by a sample ¥ =
(Y1,...,Y,) € R” where we suppose that for some 6 € RP and some o € [0,00) holds

P
YV;=> 0%,+0Z; ,j=1,...n
=1
where ® € R"™P, E[Z;] =0, E[Z;Z;] = 6, j and the unknown parameters are (61,...,0,)T €
RP and o2 € [0,00). The above identities can be reformulated in vector notation

Y=®0+0Z7

where Y = (Y1,...,.Y)T, Z = (Z1,...,Z,)", ® € R"™? is called the desing matriz and
0= (01,...,0,)7 € RP with 02 € [0,00) are the parameters. We say that the above linear
model is underparametrized if rank(®) = p.
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Remark 3.2.4: If we want to represent the situation using an usual statistical model,
then we can take

([Rn7 B([Rn)v {[PO,UQ}(H,U?)G[RPX[O,OO))

where Py ,2 is the law of ®0 + 0Z.

Remark 3.2.5: Observe that the previous Definition include also the situation described
at the beginning of this section since, as we said, we try to figure out the conditional law
of the Y;’s w.r.t the X;’s, hence we can consider the latter as fixed so that the random
matrix ®(X); = ¢(X;); becomes a deterministic design matrix.

Definition 3.2.6: The least squares estimator (LSE) 6 : R" — RP of 0 is given by
O(y) = argmingegy [ly — 0||*.

Lemma 3.2.7: In the underparametrized setting the LSE 0 is unique and it can be written
as
0= (07d) 1oy

Proof. We want to minimize f(0) = ||y—®0||?> = (y—®0)” (y—®0), si imposing Vy () = 0
we easily obtain
T Do = o1y,

Since ®T'® € RPXP has full rank, it is invertible. Hence the thesis follows from the above
equation. ]

Definition 3.2.8: The equations summarized in ®7®0 = &7y are called normal equa-
tions.

Remark 3.2.9: The LSE § = f(y) is a linear function.

Remark 3.2.10 (Interpretations of the LSE): We can interpet the LSE in two ways:

o 0= argmingpy 2= (Y5 — (®0),)%: the LSE minimizes the total y-distance between
n points in p+ 1 dimensions (points of the form (z1, ..., zp,y)?) and a p-dimensional
plane;

e 0 = argminggo|ly — ®||%: so the LSE contains the coefficients of the linear com-
bination of the column vectors of ® minimizing the euclidean distance with y, that
is

0 = d(dT0) 10Ty = npy

where 73 is a projection on the image of ®. Note in particular that ﬂg = 7g (if
u,v € R™, then we can write u = mgu~+ a with a orthogonal to the image of @, so we
easily obtain (u,mev) = (meu,mev) and analogously (meu,v) = (weu,mev), hence

(Tou,v) = (u, TpV)).

Definition 3.2.11: We say that the linear model Y = ®6 + 07 is gaussian if Z ~
N(0,1,), where 1,, € R™*™ is the identity matrix.



Chapter 3. Gaussian Random Variables and Linear Models 33

Remark 3.2.12: Observe that if Y = ®0 + o7 is gaussian then Y ~ N(®6,021,,), that
has the density

“n 1
poorly) = (2m) " exp (=5 5y - 6]

1 1 1
—n/2 2 2
= (2m) ™ exp (ol + 5 0.26) 5 5 |86]° ~ nlog(o)

n 1 o9 1
= (2m) 2 exp (— ol + (T3 mew) — 55 106]7 — nlog())

is a 2-dimensional exponential family with statistics

017

Ti(y) = Toy Cl(e)zp

2 1
o) = Il? . erl0) = 5oy

Note also that if we are in the underparametrized case, that is ® has full rank, then
T(y) = (T1(y), To(y))T is a sufficient and complete statistic.

Lemma 3.2.13: Let A € R™" be an matriz and Z be a random vector in R™ with
E[Z] =0 and Cov(Z;, Z;j) = X4j for every i,j =1,...,n. Then for W = AZ we have

COV(VVZ', W]) = (AEAT)Z]
for everyi,j=1,...,n.

Proof. Fixi,j=1,...,n, then

COV(Wi,Wj) =L [WzWJ] =FE l(i AilZl> (zn: Aijk>]
=1 k=1

= > AgApE[Z, Zy] = Y AuAjSu, = (ASAT);;.
k=1 k=1

We mantain the notations expectations used in the previous sections.

Theorem 3.2.14 (Gauss-Markov): Suppose that we are in the underparametrized case.
The estimator y +— (®T®)~ 10Ty is an unbiased estimator of 0, optimal among all the
linear, unbiased estimators and y v ||®(®T®)"1®y — y||? is an unbiased estimator of
(n — p)o?. Moreover in the gaussian case, these estimators are optimal among all the
unbiased estimators (linear and nonlinear w.r.t. 0) of 0, (n — p)o?.

Proof. Let Ty : y — Vy be a linear estimator of § (V' is a matrix). Then
Fpo2 [Tv] = Eg g2 [VY] = Eg e V(90 + 02)] = VO + VoE [Z] = VDO

so Ty is unbiased if and only if 6 = V&0 for every 0, that is if and only if V® = 1,,. Now if
we choose V = Vg = (#1®)71®, then Vo = (7®) 10T = 1, hence y — (2T P) 1Py
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is unbiased. Now for the risk

Egor [[IVY = 02| = E[[VO0+ 02 - 0]| = 0 ||V Z]?]

P
:gQZ[E

i=1

p

n
=o’E > ViiVaZiZ

ji=1

P
=0y VigVady =0 > Vii = o*| V][5
i=1 i=11=1
So to minimize E [|[VY — 0]|?] subject to V® = 1, we minimize [|V||% subject to V& = 1,,.
We have
Vo =1,V =VOVs = Vry

hence
WVollz = IVa 17 = lma VTl = llme VT < IVTIE = IVIE

since the projection mg does not increase the norm. We have proved the first part of the
theorem.
Consider now the estimator y — ||7ey — y||?, we have

|meY —Y||? = ||7e(®0 + 0 Z) — (PO + 0 2)|?
= |(7e® — ®)0 + 0(16Z — Z)||?

= o?||ne Z — Z|2.

In general there exists a matrix A € O(n) s.t. mp = AT, A, where 7, = diag(1,...,1,0...,0)
with p 1’s. So we can write
|reZ — Z|? = || ATm,AZ — AT AZ)?
n
= AT (mAZ — AZ)|> = Y (AZ)}
Jj=p+1

that holds

E[(42)3]

n

(AT1,4)55 = Y (Ln)j; =n—p.
1 j=p+1

>
=p+
=p+
>
=p+

This gives that y +— ||7ey — y||? is an unbiased estimator of (n — p)o?.

Assume now Z; - N(0,1), 7=1,...,n. From what we said on the previous remark
we have that S(y) = (mev, |ly||?)T is a suffiecient and complete statistic, so we only have
to prove that y — (®7®)~ 10Ty and y — ||mey — y||? are functions of S(y) (so that their

conditional expectations under S are themselves). Observe that
(@T®) o7y = (dTd) H(re®) Ty
= (87@) 1o gy
= (oT®) 1o (1py)
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Furthermore we can write ||y|*> = |moy|* + |y — moy||?, that gives

ly — mayll” = |yl — Imayl>.

35
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Remark 3.2.15: In the context of the previous theorem, in the gaussian case, we have

1
SIY —moy |
(7Tq>q)9 = <I>0)

1
5190+ 02— 7p(20 + o)

1@~ 7g) Z||* ~ x*(n — p).
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Theory of Tests

4.1 Confidence intervals

A cumulative density function (CDF) F' is a function F' : R — [0, 1] s.t. it is nondecreasing
and continuous on the right. For a real r.v. X its cumulative distribution function Fx is
a CDF as

Fx(x=P(X <z)) VzxeR

Definition 4.1.1: For a given CDF F, define F*~ : (0,1) — R the quantile function (or
generalized inverse) of F as

FT(a)=inf{zx e R | F(z) > a} VYae€ (0,1).
For a fixed a € (0,1) the number F* (a) is the quantile of order «.
Remark 4.1.2: If F is continuous and strictly increasing (in particular bijective) then
FT(a)=FYa) Yaec(0,1).
If F is also symmetric (i.e. F(—x) =1— F(x)), then
Fl(z) = —F~ 107,

Indeed
F(—F10=a)y 1 _FF'1-a)=1-1+a=a

Let us fix some notation. For a fixed a € (0,1) we denote ¢q,to(n), x2(n) the quan-
tiles of order « for the standard normal, t-student and x? (with n degrees of freedom)
disributions respectively.

Fix now a statistical model (X, F, {Pg}oco)-

37
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Definition 4.1.3: Let a € (0,1), g: © — R and S : X — B(R) be functions s.t. for all
6 € © holds
{reX|g) &Sx)}eF.

We say that S is a confidence interval (CI) of level 1 — « for g(0) if

Po({xr e X | g(@) e S(z)})>1—a VOecO.

Remark 4.1.4: Tipically S(z) is a (random) interval of R if ® C R. There are two
special cases:

o if S(z) = (S_(x),S4(x)) the CI is two-sided,;
o if S(x) = (—00,S4(x)) the CI is one-sided (left).
Example 4.1.5: Let X ~ Exp(6). We want to find 71,75 s.t. Pg(0 € (T1(X),T2(X))) >

0.95.
Note that @ = X ~ Exp(1), hence

I1—etT=Pe(Q <t) =Pp(X0<t) =Py <t/X)
from which follows
(1—e) = (1-e) =Pys(Q € (a,)) = Py(0 € (a/X,b/X))
so (a/X,b/X)isaClatlevel l —aife™®—e?=1-a.
In what follows we use the method of pivotal quantity to identify Cls. This method
relies on finding a pivot @ : X x © — R that is invertible w.r.t. § € © and s.t. its law does

not depend on 6 € ©.
Given an estimator T': X — R of g(0) € R we try to find a CI by

(1) finding a function Q@ : T' x © — R s.t. Q(x;0) = Q(T(z);6) is a pivot;
(2) identify the CI: e.g. for two sided CI
S(x) = Q@ (z, (F(a/2), F~(1 - a/2))).

Example 4.1.6 (Normal distribution, known variance): Suppose X iz (p,0?) and

take g(#) = p. Consider the estimator z = 1 _; x;. Standardize the estimation X to

find a pivot o
X _

g

Q="—FVu~ N
So if @ is the CDF of N'(0,1) we have
®(b) — ©(a) = Py(Q € (a,b))

=Py (X(I_M\/ﬁ € (a,b)>

— [/ J— a
=P X——0 X+ —
(e ( T \/ﬁa>)
So we found a CI for p at level ®(b) — ®(a). If a level 1 — « is fixed choose e.g. b =
11 -a/2) and a = & 1(a/2).
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4.2 General theory of tests

Performing a statistical test aims to verify if a certain hypothesis concerning the parameter
0 that, generated the data, is plausible.

Definition 4.2.1: Given a statistical model (X, F,{Pgp}gco), consider a partition © =
O¢ U ©1 in nonempty sets Og, ©1. The null hypothesis is

Hy:0 €0

the alternative hypothesis is
Hq:60€ 0.

Example 4.2.2 (Quality control): Sample at random products from an assembly line

~ Ber(6).

1 if the j-th sample has a defect
X =
0 otherwise

Take © = (0, 1), then one can choose e.g. ©¢ = (0,0.1) and ©1 = [0.1, 1), so that the null
and alternative hypothesis are Hy : 6 € (0,0.1) and H; : 6 € [0.1,1).

Definition 4.2.3: We call deterministic test a measurable function ® : X — {0, 1} of the
form

®(x) =1¢(x) foraC e F.

The set C' is called critical region of the test.

Remark 4.2.4: The critical region is the set of experiment results that are highly incom-
patible with the null hypothesis Hy (give evidence that Hy does not hold, so if ®(X) = {1}
then we accept the alternative hypothesis Hy). The set C¢ can be called acceptence region
of the test.

Example 4.2.5 (Quality control): Assume n = 100 sampled items and we reject Hy if
the number of samples with defect is strictly larger than 11. Then we consider

R Jo i T(x) <11
T(x)_];xj ’ (b(x)_{1 if T(x) > 11

that is our test ® has critical region C = {x = (z1,...,2100)7 | T'(x) > 11}.

Tests can also be random.
Definition 4.2.6: A (randomized) test is a measurable function ® : X — [0, 1].
Remark 4.2.7: Here, for a given z € X, ®(z) can be interpreted as the probability

P(Hy rej. | z) that the randomized test will reject Hy given z.
For example ®(z) = 0.05 for all x € X is rejecting Hy with P = 5% for all z € X.
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Remark 4.2.8: Setting g(0) = 1, (), then we can interpret ¢ as an estimator of g(9).

Analogously to what was done in estimation theory, we ”evaluate” the prediction of a
test through a ”cost function”, this cost function should be 0 for correct prediction and 1
for wrong prediction, e.g.

(0, 10(z)) = |1e,(0) — 1c(2)]

so the loss/cost function can be chosen as

a if 0 € ©q

£(0,a) =|1p,(0) —al = .
(0.0) = [16,(0) — o {1_a oo

This can be extended to randomized tests in the natural way

P(Hy rej. | z) it € ©

e@émwzu&w%4wm={l_ﬂmﬂqhgiweeL

To compare two estimators we need to comparetheir average error.

Definition 4.2.9: For a test ® the risk is given by

Eq (@] if 0 € O

Ra(0) =Ey [£(0,D)] = {1 —Eg[®] if0ecO '

Remark 4.2.10: In both cases (6 € Op and § € O;) the risk Re can be interpreted as
probabilities:

By [@] = /x@(:):) dPy(x) = /X P(Hp rej. | z) dPg(x) = Py(reject Hp).

So we can say
Po(reject H, if € ©
Ro(0) o(reject Ho) 1 0
Pg(accept Hy) if 0 € O1.

Each of the two quantities on the RHS of the above equation corresponds to the proba-
bilities of one of the two types of errors that one can make:

(1) type 1 error: rejecting the null hypothesis Hy when Hy is true;

(2) type 2 error: accepting the null hypothesis Hy when it is false.
Like what we did with estimators we will rank tests based on their risk.

Definition 4.2.11: A test ® is preferable to a test @' if
R@(@) < R@/(g) Vo € ©

and strictly preferable if
R@(g) < qu(@) Vo € O.

A test is called optimal if it is preferable to all other tests an admissible if no other test is
strictly preferable to it.
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Remark 4.2.12: This defines only a partial order (one can make examples).

Remark 4.2.13: Like in the case for estimators, where we can decide that the two
components (variance and bias) play an asymmetric role for the choice of the estimator,
here we can decide to believe (and this is done quite often) that is better to commit a type
2 error then a type 1 (for example in the case of DNA for homicide with null hypothesis
Hy: innocence).

Definition 4.2.14: We say that a test ® has level a for a € (0,1) if

sup Eg [®] < o
[USCH

In particular if a test is of level a then the probability of a type 1 error is uniformly
bounded by «. On the contrary considering the probability of not type 2 error:

Definition 4.2.15: The power of a test ® on ©; is the function 01 3 6 — [Ey [P].

Usually one fixes the level of the tests and ranks them according to their power (that
is similar to fixing the bias and ranking estimators according to the variance).

Definition 4.2.16: Fix the hypothesis Hy and H;. The test ® is uniformly most powerful
(UMP) among tests of level « if supyeg, Eg [P] = a and for all tests @ of level a

Ly [‘I’] > [y [‘I)/] Vo € O;.
Definition 4.2.17: We say that a test is unbiased if
[E90 [(I)] < kg, [(I)]

for all 8y € Og and #; € ©1. A test that is unbiased and UMP will be called uniformly
most powerful unbiased (UMPU).

Definition 4.2.18: A test is called one-sided if it has the form
Hy:0<60y , Hy:0>00 (right-sided alternative)

or
Hy:0>00 , Hp:0<860y (left-sided alternative)

for a 0y € R and two-sided if
Ho:0€[61,6:] , Hyi:0¢[01,6s)]
for some 61,05 € R, 01 < 0y (possily/often 6; = 65).
Example 4.2.19 (Quality control): If § € (0,1) the test
Hy:0€(0,1/10] , H;:0¢€(1/10,1)

is a one-sided (right-sided alternative) test.
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4.3 Neyman-Pearson tests

In this section (that is until we will specify otherwise) will be © = {6y, 61}, ©¢ = {0y} and
©1 = {61 }. In this setting the "best” tests can be identified by Neyman-Pearson lemma.

Consider the dominated statistical model (X, F, {P;}i=1,2) with dominating measure
(that can be e.g. =Py + P2). Let p; be the density of P; w.r.t. p fori=1,2.

Definition 4.3.1: A Neyman-Pearson test is a randomized test ® s.t.
() = 1 %f p1(x) > cpo(x)
0 if p1(z) < epo(x)

for a non-negative constant ¢ > 0 (note that it can b anything in the case pi(z) = cpo(x)).

Lemma 4.3.2 (Neyman-Pearson): The Neyman-Pearson test for the hypothesis Hy: 6 =
0o and Hy: 60 = 0, given by

1 if pr(z) > cpo(z)
Onp(r) = Vv if pi(@) = cpo()
0 if pi(x) < epo(x)

for constants ¢ > 0 and y € [0,1] at level & = Eg, [Pnp] is admissible and UMP among all
the tests at level a.
Furthermore, in this setting all admissible tests are Neyman-Pearsons tests.

Proof. Let ® be another test for the same Hy and H;. Let also
9(x) = (®(x) — Pxp(2))(pr(z) — cpo(z)) Vo € XK.
Note that:
o if pi(z) < epo(x) = Pnp(z) =0 = @(2) — Pnp(z) > 0 = g(x) <0
o if pi(2) = epo(z) = g(z) = 0;
o if pi(x) > epo(z) = Pnp(z) =1 = P(x) — Dnp(z) <0 = g(x) <0.

So g(x) < 0 for every = € X and it holds
0> /X 9(x) du(z)
_ [ /X 1 (2)®(@) du(z) — /X 1) Pxp () du(x)} e [ /X p0(2)®(@) du(z) — /X po(@)Pxp () du)

that is
Eq, [®] — Eg, [Pnp] < c[Eg, [®] — Eg, [Pnp]] (4.1)

Now we see that ®np is admissible. Assume that Re,, > Re for every 6 € ©, then
Eg, [P] < Eg, [Pnp]

Eq, [®] > Eg, [Pxp]



Chapter 4. Theory of Tests 43

and this contradicts (4.1) since ¢ > 0 (the quantity in the RHS of (4.1) would be both > 0
and < 0).

Then we see that ®xp is UMP. Fix the level a € (0, 1) of ®xp and take ® another test
of level «, then by (4.1) we have

Eg, [Pnp] = Eg, [P].
We do not prove that all admissible tests in this setting are NP. O

Remark 4.3.3: The test ®np rejects Hy when the so-called likelihood ratio g—é is larger
than a threshold ¢ = ¢(«), i.e. if H; is more likely than Hy by a certain margin.

Corollary 4.3.4: Suppose we are in the setting of the Neyman-Pearson Lemma 4.3.2.
The Neyman-Pearson test Pnp s UMPU.

Proof. Set a = Ep, [Pnp] and define the constant test ® = . Then since by the previous
Theorem Pnp is UMP we have

Eg, [Pnp] > By, [@] = a = Ey, [Pnp] -

4.4 Increasing likelihood ratio models

How can we construct "efficient” tests for non-simple hypothesis classes?
Consider a general statistical model (X, F, (Pg)gco) dominated by a measure p with
densities (pg)oco-

Definition 4.4.1: If there exists a function T' : X — R s.t. for every 601,05 € © with
1 < 67 there exists a strictly increasing function fp, 9, : T(X) C R = R s.t.

_ Do, (l‘)

f91,92 (T(JU)) Do (x)

then we say that the model is an increasing likelihood ratio model w.r.t. T

Example 4.4.2: Suppose that (Pp)gco is an exponential family with densities (pg)gco
s.t.

po(x) = exp (T'(x)c(0) — d(0)) h(z)

with 6 — ¢(0) increasing. Then

T
D) _ e (1) c(62) — el6)) — (d(6) — d(61)
is increasing as a function of 7', that is this is an increasing likelihood ratio model.

Example 4.4.3: Consider the statistical model induced by a sample X = (X1,..., X},)
with X v (u,02) with @ = . Then we are in the contect of the previous Example
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since this model has densities

j=1 J=1
n n 2
1 n nh 1
:eXP((Z J) (%2>_%2) Pl 2<Z 9)
7j=1 7j=1
so it is an increasing likelihood ratio model w.r.t. T'(z) = %2?21 xj.

Theorem 4.4.4 (Neyman-Pearson): Suppose that the considered statistical model is an
increasing likelihood ratio model w.r.t. T. Fix C € R, v € (0,1) and consider

Onp(x) = 1(T(x) > C) +41(T(z) = C).
Then ®Np is admissible and UMPU among all tests for
Hy:0<60y , Hi:0>0
at level Eg, [Pnp].

Proof. For every 51, 0y € O s.t. 0, < O consider the test

]510:9:51 , ﬁ1:9:§2.
The critical region of the test is

{zeX|T(z) > C} = {a: e X | fj,4,(T(x)) > f§1,§2(0)}
{x x| P, (2) . fgl,gz(c)}

pg, (%)
= {z € x| p,(2) > £, 5,(C)pg, (=) }

so calling C' = f4,.6,(C) we have that

Onp(z) =1 (p9~2 (x) > C’pgl (a:)) +71 (ng (z) = C’pél (:U))

is a Neyman-Pearson test for every 0,0, € © s.t. 6; < f5. In Corollary 4.3.4 we proved
that a Neyman-Pearson test is unbiased and in our case this means that for every 91, 672 €0
s.t. 0~1 < 9~2 holds

[Eél [(I)Np] < [E§2 [@NP] . (4.2)

In particular ®np is unbiased and

sup Eg [Pnp] = Eg, [Pnp]

6<6o
so the level of ®xp is Eg, [Pnp]. Now we show that the test is UMP (that implies also that
it is admissible). Take ® another test at level Eg, [Pnp], we want to show that for every
01 > 0y holds Ey, [Pnp] > Ep, [P]. Consider any 6; > 6y, then Pnp is a Neyman-Pearson
test for the hypothesis

Hy:0=0, , Hi :0=6,
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so, by Lemma 4.3.2 we have that ®xp is UMP on the hypothesis Hy, H;. Hence
Eo, [Pnp] = Eo, [P]
for every 61 > 6y, so that ®np is UMP on Hy, H;. O

Example 4.4.5 (One-sided test for the mean of a gaussian): Suppose we are in the
context of Example 4.4.3. The test

Onp(z) = U(T(x) > C) +71(T(2) = C)
for some C' € R and v € [0, 1] is UMPU for the hypothesis
Hy:0 <6 s Hi:0 >0

and it is at level

[Ego [(I)Np] = [Pgo (T > C)

:1—P90(T§0):1—F(C_90>

o

so if Eg, [Pnp] = a we can choose C' = C, = by +0F (1 —«) to obtain the level a. Where
F' is the cumulative density function of the standard gaussian distribution.

Theorem 4.4.6: Under the hypothesis of the Neyman-Pearson Theorem 4.4.4, for a
given value of a € (0,1) assume that there exists an open interval C, s.t. one of the
following holds

(1) [P@O(C(i) = a, 89”390(0(1) = 0 with

H0:(9:90 5 H1:97500;

(2) Po, (CS) = |P92(Co<) = « with

H0:9€ [91,02] s H; :6%[61,02].

Then the (deterministic) test ®(x) = 1(x € Cy) for Hy, Hy is at level a and is UMPU
among all test at that level.

Proof. Not covered. O

Remark 4.4.7: Consider again the context ot the Example 4.4.3 and take the hypothesis
H0:0:90 5 H1:07$90

then we see that the test induced by the symmetric confidence interval of p with critical
region

Co = (0 + oF(a/2),00 + o F (1 — a/2))

satisfies (1) of the previous Theorem.
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Introduction to Bayesian Statistics

5.1 Introduction to bayesian statistic

Definition 5.1.1: A bayesian statistical model is a statistical model (X, F,{Pg}oco,T)
where (©,7) is a measurable space and fixed A € F the function © 3 6 — Py(A) is
measurable. We call a probability measure v over (©,7T) a prior distribution (or a priori
distribution) of the parameter of the model.

Remark 5.1.2: In the framework of bayesian inference, in the context of the previous
Definition, we consider the parameter 6 also as a r.v. with values in the measurable space
(0, T) with law given by the prior distribution v.

Remark 5.1.3: The prior distribution need to be intended as the knowleadge that one
has on the present situation before doing any statistical investigation.

Remark 5.1.4: Observe that the map © x F 3 (0, A) — P(0, A) = Py(A) is a transition
probability from (©,7) to (Q2,F)

Remark 5.1.5: Suppose that we have a sample X = (Xi,...,X,,) with values in a

measurable space (5,S) with law X; i Py dependent on a parameter § € O, then we

consider the statistical model (X, F, (Pg)sco) induced by the sample X as usual, but in
the context of bayesian inference we also fix a prior distribution v on (©,7)

Let us fix a bayesian statistical model (X, F,{Pgy}oco,7T) with prior distribution v,
where © C R? and T the Borel o-algebra on ©. Furthermore we suppose the statistical
model (X, F, (Pp)geco) to be dominated by a measure p with densities (p(-|6))sco s.t. the
likelihood function L(z,0) = p(x|0) is (F @ T )-measurable (assumption that guarantees
the functions € — p(x | #) and 6 — P(6, A) to be T-measurables for every z € X and every
A € F respectively) and v to be absolutely continuous w.r.t. the Lebesgue measure on
R¢ with density 7. Lastly we consider the probability measure @ on the measurable space

47
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(O xXT®F)s.t.

Q(TXA):/T[P(G,A)du(Q) VT €T VAEF

that is well defined.

Definition 5.1.6: On © x X define the o-algebra
Fo={0xA| Ac F}.

The posterior distribution (or a posteriori distribution) is the transition probability N :
A xT —1[0,1] s.t. for every (T ® F)-measurable and bounded r.v. X : © x X — R holds

Fo (X | Fol (6,2) = /@ X(r,2) N(z, d7) Q-as. .

Then the function T+ v*(T') = N(z,T) is called posterior distribution given x.

Remark 5.1.7: Observe that a r.v. X : © x X — R is Fg-measurable if and only if
X(0,x) = W(x) for some r.v. W : X — R F-measurable.

Theorem 5.1.8: Define
p(z) = /@p(w!ﬂ) dv(0) € [0, +o0] Vz e X
G={reX|p)=0)
M ={zx € X | p(x) = o0}

px| (@) G
p(9 | 33) _ (@) pr(x) ¢
1 if p(z) € G
where we use the convention +% =0. Then
(1) Q(O x G) = 0;
(2) p(M) = 0;

(3) for every x € M€ the function 6 — p(0|x) is a probability density function on (©,T)
w.r.tv;

(4) for every x € M€ the transition probability defined by
(@.1) = N T) = [ p(0]2) (o)
T
is the posterior distribution.

Proof. (Optional)

(1) Using Fubini-Tonelli theorem we obtain

Q6 x G) :/dy(@)/ P(0, dz)

0 G

_ /9 dv(6) /G (] 0) du()
_ /G dp(x) /@ p(@]0)dv(8) = 0

where the last equality follows by the definition of G.
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(2) We have

[ @) = [ auto) [ ptalo)avte)
= [ av) [ plal0)auta)
:/@dy(Q)IP(@,X):/ d(0) = 1 < 00

S}

so, since p(x) is non-negative follows that p(z) < +o0 p-a.s., that is u(M) = 0.

(3) We need to prove that for every z € M¢ we have p(f|z) > 0 v-a.s. and that
Jop(0]2)dv(f) = 1. Let us fix a z € M¢. The fact p(f | z) > 0 v-a.s. is obvious, for
the other part observe that if z € G¢

1
 Jop(z[0)dv(0)

[ p(012)av16) [ plel0)avo) =1
(C] [C)

while if z € G

/@p(9|x)d1/(0):/eldu(9):1.

(4) Observe that (by Fubini-Tonelli theorem) the function x — N (z,T) is F-measurable
for every T' € T and that T+ N(x,T) is a probability measure for every x € X by
point (3). So N is in fact a transition probability. Now we have to prove that, given
arv. X :0 x X — R (T ® F)-measurable, setting

V0, 7) = V(z) = /@ X (0, 2)p(0| z) dv(0)

Jo X (0,2)dv(0) ifeeG

for every B € T holds

/ XdQ = V dQ.
OxB OxB

To see this observe that, by definition of @ and by (1), we have

/ XdQ = X dQ
OxB Ox(BNG°)

_ / dv(6) / X (6, 2)P(6, dz)
(C) BNGe

_ / dv(6) / X (0, 2)p(x | 8) du(z)
(S BNGe
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and at the same time

/ VdQ = VdQ
OxB Ox(BNG*)
_ /9 dv(6) /B  V(O.a)P(, d)
1
- /e v (6) /B » [ /@ X(00) [T ) )| e 0) ante)
= V(S S, T f@p | 0)
—/@d()/mx<,><| e )

= [avts) [ X(sahpla]s) dula),

O

Remark 5.1.9: The posterior distribution of the parameter needs to be interpreted as
our subjective belief about 0 after we observe some data.

Remark 5.1.10 (Gaussian approximations of the posterior distribution): Suppose that
the posterior distribution has densities p(f | ) that are C'! in # and have a unique maximum
in the variable 6. Observe that if we fix a ' € ©, taking Taylor’s expansion in 6 with
Lagrange’s remainder we get

(£(0) —0")°

503 log(p(¢' | 2))

log(p(0| z)) = log(p(6" | )) + (0 — 0")9p log(p(¢' | z)) +
for some £(0) € © between 6 and 6. Now taking 6 the unique maximum of p(- |z) we get

T 2
log(p(6] 2)) = log(p(# | ) ~ 21 g 2

where Z(0 | z) = —9% log(p(0 | z)). So we have

2
p(f|z) x exp <_I(5(29))(9 _ 0’))

that says to us that the posterior is ”"proportional” to a gaussian distribution with mean
¢’ and variance Z(6'|x)~! (supposing Z(0' | z) # 0).

5.2 (Bayesian) Decision theory

Fix a bayesian statistical model (X, F, (Pg)oco,7T ), dominated by a measure p with den-
sities (p(x | 0))peo, and a prior distribution v.

Fix a measurable space (A, .A) called set of actions and a measurable function ¢ :
© X A — [0,00) called loss (or cost) function. The set A that represents the possible
actions that one can do after observing a random phenomenon with law that depends on
a parameter § € O, then the taken action a € A lead to a loss (or cost) £(6,a) > 0 that
depends itself by 6 € O.

Definition 5.2.1: A decision rule is a measurable function § : X — A.
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Remark 5.2.2: Observe that the considered family of decision rules is completely deter-
mined by the set of actions A (more specifically by the measurable space (4, A)).

Example 5.2.3: A classical estimator is a decision rule with A = T" (see Definition 1.1.11)
and, since we observed that a test is an estimator itself, also tests can be seen as part of
decision theory.

Definition 5.2.4: Given a decision rule § we define its 7isk as
Rs(0) = Eg [£(0,0)] .

Furthermore, in the context of bayesian inference, we define also its bayesian risk as

Rb = /@ Rs(0) duv(8).

Remark 5.2.5: Like we did for estimators (and then for tests) we have defined the notion
of risk Rs(0) for a decision rule 0 and, in the context of classical statistics, we would try
to minimize it w.r.t. § for every 6 € © (like we did for estimators and test).

In the context of bayesian statistics we have a (prior) probability distribution v over
©, so we do not minimize Rs(#) w.r.t. § with 6 fixed but instead we try to minimize its
integral w.r.t. the prior v, that is we try to minimize its bayesian risk. Mathematically
means that we want to find a decision rule dy s.t.

”Rgo = / Rs,(8) dv(0) < / Rs(0)dv(0) = Rg for every decision rule §.
(S ©

Definition 5.2.6: Fix p a probability measure over (©,7). We call bayesian decision
relative to p any ag € A s.t.

/ﬁ(ﬁ,ao)dp(é?)— ng 0(0,a)dp(6).
e c4Je

i
a
When a bayes decision relative to p exists we will indicate one of them with d(p).

Theorem 5.2.7: For every x € X we denote v* the posterior distribution w.r.t x. Suppose
that for every x € X there is a bayes decision d(v”) and that the function x — d,(x) = d(v")
is F-measurable. Then d, is a decision rule and for any decision rule § holds

/ Ra, (0) dv(0) < / Rs(0) du(6).
(S (S

Proof. (Optional) Recall the objects and notations used in Theorem 5.1.8. Recall also that
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Q(© x G) =0 (Theorem 5.1.8 (1)). By the definition of ) we have

_ / 08, 5(x)) dQ(6, )
OxX
_ / £(0,6(x)) dQ(6, )
O X (XNG*®)
_ / v (0) / P8, dx)e(, 5(x))
<) ANGe
— [ i) [ an(oi(a| 06, 52)
¢} ANGe
z))
- p(z]0)
-/ ) ( /@ plz| ) dv(r) /@ du(6) (0,5(x))

f@ p(z|7)dv(r)
v (0)(0, 5(z))

|
T
)
Q
o

o
=
&

T

o,

N
—~
=
=

)

>
N—
=
\‘O')
—

where the last equality can be seen doing in the opposite sense the calculations done for
the previous equalities. O

Definition 5.2.8: Let g : © — I' C RP be a measurable function and take as set of
actions A = I'. An estimator T': X — T" of g(0) is called bayesian estimator if T'(z) is a
bayesian decision relative to v® for every = € X.

Example 5.2.9 (Posterior mean): Take A = R, a bounded measurable function g : © —

R and 4(6,a) = |g(#,a)|>. We want to find a bayesian estimator for g(#).
Firstly we take a generic probability measure p on (0,7 ) and we minimize the integral

[ 19(6) = af* ap(6)
©
w.r.t. . Denote ag = [ g(6) dp(f) and observe that

/ 19(6) — af> dp(6) = / 1(9(8) — a0) + (a0 — a) > dp(6)
© e
~ /@ (9(0) — a0)’ dp(0) + (a0 — a)? + 2(ap — a) / (9(6) — a0) dp(6)

0

=0

= / (9(8) — ap)?dp(8) + (ag — a)* > / (9(0) — ag)?dp(#) Vae A=R.
S (S

with equality if and only if a = ag, so the bayesian decision relative to p is d(p) = ag =
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Jo 9(8) dp(6) and it is unique. Hence the bayesian estimator for g(6) is

Jog(®)® p x) dV(G) if p(x)
Jo 9(0) dv(0) if p(z) = 0.

N
o

ﬂ@deﬂZAQMMﬂw> {

Note that by Theorem 5.1.8 holds

T(x) =Eqlg|Fo] (0,2) Q-as.

5.3 MAP estimator

Fix a bayesian statistical model (X, F, (Pg)gco, T ), dominated by a measure p with densi-
ties (p(z | 0))geco, and a prior distribution v. In the previous section we discussed bayesian
decisions, concluding with the definition of bayesian estimator associated to a given loss.
Now we want to analyze another particular estimator.

Definition 5.3.1: The mazimum a posteriori estimator (MAP estimator) is the one
given by
Oviap(z) = arg Ienaécp(ﬁ |z) Vo e X.
€

Remark 5.3.2: Using Bayes’ theorem we can write
5 p(z|0)(0)

0MAP< ) - arg Igleaé( p(ﬂ:)
= argmax p(z | )7 (6)

= arg max log(p(v | 0)) + log(m(6))

so the MAP estimator is the MLE plus the term log(m(#)) that depends only on the prior
distribution. In particular if we choose a prior distribution that has a very large support,
then the MAP estimator will be similar to the MLE.

Example 5.3.3 (MAP, gaussian case): Take the statistical model induced by a sample

X = (Xq,...,X,) with X; Ligt N(6,0%). So ® = R and we make the model bayesian
considering 6 ~ N (p,03). Let us compute the MAP estimator. We have

hence

n 9)? 2
Oniap (x )—argmax( Z — <620§) ) :

Deriving we obtain
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that imposed equals to 0 gives

2 (1 n . o
oF (& Xjoray) + 5

2, o2

Oriap(z) =

but the remember that the MLE is éMLE(x) = %Z}Ll xj, hence
Oviar "7 O

so when n is large one can consider the MLE directly, while for small n can be useful to
use the prior distribution and then the MAP estimator. Furthermore when o3 is low we
are confident about the prior distribution and then we can use the MAP estimator, while
for large values of o3 it is important to use the informations given by data, so in this case
it can be better to use the MLE.

Example 5.3.4 (Posterior distribution, gaussian case): Take the byesian statistical model
of the previous Example. We have

" (2 — 0)2 N2
~lo(p(e | 0)7() = Y- o+ Pt
j=1

Imposing

+ =

Z": (z:—0)%  (0—w? (0 Oyap)?
= 202 208 261%/[AP

and using the expression for Oriap found in the previous Example, we find that

2 (1 n . o
70 (5 Zj=1fcy) T
2, o2

1 1 n

61%4AP(37) B 0(2) o?

Oriap(z) =

so that since p(z) = 1 for every & € X we have that the posterior distribution is v* =
N (Omap(2), 631ap (2))-

5.4 Non-informative prior distributions

In some cases, like when we do not have any prior distribution that suit the situation or
when we want to give to each parameter the same importance, a so called non-informative
(or flat) prior distribution is used. The idea is that with such prior distribution will be
only the data to determine the posterior distrbution and not a given a priori distribution.

Consider a bayesian statistical model (X, F, (Pp)gco,7T) dominated bt a measure p
with densities (p(z | 0))pco and fix a reference measure 7 on (0, 7) (it needs to be tought
as the counting measure or the Lebesgue measure in the discrete and continuous cases
respectively).

Definition 5.4.1: An improper prior density is a positive measurable function 7 : © —
[0,00] s.t. [ m(0) dT(0) = +o0.
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Improper prior densities arises when we try to create a non-informative prior. For ex-
ample a natural thing that comes to mind when thinking about the idea of non-informative
prior is a uniform density function, that for example on R with the Lebesgue measure is
an improper prior density.

Definition 5.4.2: Consider Z(0) the Fisher information matrix of the considered statis-
tical model. A Jeffrey’s prior density is a measurable function 7 : © — [0, co] s.t.

7(0) o< \/det(Z(0)) VO € ©.

Remark 5.4.3: A Jeffrey’s prior density can be an improper prior density.

Definition 5.4.4: Consider Z(#) the Fisher information matrix of the considered sta-
tistical model. When +/det(Z()) € L'(©,7), then a Jeffrey’s prior can be normalized
defining a probability measure on (0, 7). A prior distribution defined in this way is called
Jeffrey’s prior distribution.

Remark 5.4.5: Anyway any Jeffrey’s prior density defines a measure on (0,7) (not
necessarily finite).

Example 5.4.6: Consider the statistical model induced by a sample X = (Xi,...,X,)
where Xj; N N(p, %) with § = € R. We have

so a Jeffrey’s prior density is constant given by 7(¢) = /75 (in particular it is improper

w.r.t. the Lebesgue measure).

Remark 5.4.7 (Transformations of the Jeffrey’s prior density): We want to study how a
Jeffrey’s prior density change w.r.t. a transformation, in particular we want to show that
it gives again a Jeffrey’s prior density. Suppose to have a C'-diffeomorphism ¢ : © C R —
9(©) C R and we call ¢ = g(#). We have

() = 1059~ (D) (g7 () < 1059~ (9)|\/ (97 (9)).
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