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Invariant Measures and Recurrence

1.1 Invariant measures

In the rest of this chapter (M, B, i) will be a generic measure space and 7 : M — M a measurable
transformation.

Definition 1.1.1: We say that T is non-singular w.r.t. u or that u is non-singular w.r.t. T if
u(B) =0 < u(T~'(B)) =0forevery B € B.

Definition 1.1.2: We say that u is invariant under T (u is T-invariant) or that T preserves u, if
forall E € B

u(E) = u(T™(E)).
Remark 1.1.3: If T preserves u, then T is non-singular w.r.t. u.
It is possible and useful to extend the definition to flows.

Definition 1.1.4: A flow on (X, B) is a family of measurable transformations 7% : M — M, t € R,
S.t.

T°=id , T =T oT' Vs,t R
Remark 1.1.5: If {T?},cR is a flow, then each T is invertible with inverse 7".

Remark 1.1.6:  Suppose M c R? open. Given an ODE y = X(y) with enough regularity for the
vector field X, then for each x € M there exists a solution vy, starting at x at ¢t = 0, then setting
T'(x) = y.(t) foreach t € R and x € M we obtain the flow {T"},cg.

Definition 1.1.7: We say that y is invariant under a flow {T"},cp if is invariant under each one
of the transformations 77, t € R.
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Proposition 1.1.8: The measurable transformation T preserves u if and only if

/qﬁd,u:/ ¢ oTdu (1.1)
M M

forall ¢ € L' ().

Proof. Let u be invariant under 7. For B € B let 1 to be the indicator function of B, then
| twdu=um) = w0 = [ g au= [ tmordn
M M M

So (1.1) holds for simple functions, next take a function ¢ € L'(M, u), it can be approximated by
a sequence of simple functions (¥, )nen s.t. |¥n| < |@| for all n € N, then (1.1) for ¢ follows by
dominated convergence.

The converse is trivial. m]

1.2 Recurrence

Definition 1.2.1: A set W € B is said to be wandering for T w,r,t, u if for every n,m € N
u(T(W)nT="(W)) = 0.

We call W(T) the family of all the wandering sets for 7.

Definition 1.2.2: The sets
DT)= [ W

WeW(T)
C(T) = M \ D(T)

are called respectively dissipative part and conservative part of T.

Definition 1.2.3: We say that

o T is dissipative w.r.t. p if
pu(M\D(T)) = 0;

* T is conservative w.r.t. u if
u(M\C(T)) = 0.
Lemma 1.2.4: Suppose T non-sngular w.r.t. u. For every E € B with u(E) # 0 holds that
U(ENW) =0 forevery W € W(T) if and only if for every B € B, B C E holds
u({x € B| T"(x) € B infinitely often}) = u(B).
Proof. Assume first that u(E N W) = 0 for every wandering set W. Fix B c B, B C E and let

N={xeB|T'x)¢B YkeN,} =B\ | J T7%(B).
keN,

It suffices to show that

J7i

B\ (U T‘"(B)) =0.

keNn>k
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From the definition of N it follows that T="(B) N T~™(B) = 0 for every n,m € N4, n # m, so N
is wandering and by assumption

u(N) =u(NNE)=0,

hence using the non-singularity of 7T it follows that

0=p(T " (N) =p (T"‘(B) v U T‘”(B))

k>k+1

so also

u(U ®\ U T‘"(B)) =0

nxk n>k+l1

and since U, sxe1 T7"(B) C Unsix T7"(B) we can rewrite the above equation to obtain

p (U T‘”(B)) =,U( U T‘"(B))

n>k n>k+1

for every k > 1. As a consequence

n>k

u(B\ UT‘”(B)) =0

for every k > 1, from this follows y (B \ Nken Unsk T7"(B)) = 0.

For the viceversa let W be a wandering set s.t. u(ENW) #0. Set B=ENW,then B C E
so by assumption u({x € B | T"(x) € B infinitely often}) = u(B) # 0, but B is wandering, hence
there isno A C B, A € B, with positive measure s.t. every x € A returns to B. This gives a
contradiction.

O

Theorem 1.2.5 (Halmos recurrence): Suppose T non-singular w.r.t. u. The transformation T is
conservative w.r.t. u if and only if for each E € B with u(E) # 0 holds that for u-a.e. x € E there
exists infinitely many n € N s.t. T"(x) € E.

Proof. If T is conservative, then u(W) = 0 for every W € W(T), hence by the previous Lemma
(with E = M) we get that for every B € 5 holds

u({x € B| T"(x) € B infinitely often}) = u(B).
Viceversa if for every B € BB holds
u({x € B| T"(x) € B infinitely often}) = u(B)

then, using again the previous Lemma, we obtain u(W) = 0 for every W € W(T) and T is conser-
vative. O

Theorem 1.2.6 (Poincaré recurrence): Let u be a T-invariant finite measure, then T is conser-
vative w.r.t. u. In particular if E € B is s.t. u(E) > 0, then for u-a.e. x € E there exists infinitely
manyn € N s.t. T"(x) € E.
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Proof. Let E € B with u(E) € (0, c0). Consider the set
Ey={x€E|PneN,st T"(x) € E};

let us prove that u(Ep) = 0. The family of sets {77"(Ep)}nen, is disjoint. Indeed suppose by
contradiction that there exist m > n > 1 s.t. T™"(Eg) N T~ (Ep) # 0. Then we can take a point
x € TT"(Eg)NT~"(Ep) and if we denote y = T"(x), we have y € Eg and T "(y) = T™(x) € E),
but m — n > 1 hence we have a contradiction.

Since u is T-invariant we have u(T~"(Ey) = u(Ey) for every n € N, and we can write

= > w(T™(Eg)) = > u(Eo)

neN, neNy

H ( U T7"(Eo)

neNy,

now the left-hand side is finite (since u is finite), hence u(Ep) = 0 necessarly.

Now denote with F the measurable set of all the points x € E s.t. [{n € N, | T"(x) € E}| <
+0o. Since every x € F returnes to E only a finite number of times there exists some k € N s.t.
T*(x) € E,. Hence

Fc | T E)
keN
and holds
u(F) < p (U T‘k(Eo))
keN
< > (T *(Ey))
keN
= > u(Ep) =0
keN
thus u(F) = 0 and we have the thesis. O

An anlogous for flows follows from the previous theorem.

Corollary 1.2.7: Let u be a finite invariant measure under a flow {T'},cg. If E € B is s.t.
U(E) > 0O, then for p-a.e. x € E there exists a sequence of times () jen, tj — +0o, s.t. T" (x) € E
for every j € N.

Proof. Indeed y is invariant under the transformation 7 = T'!, hence the thesis follows from the
previous theorem applied to this 7. O

Now we present a topological version of the Poincaré recurrence theorem.

Definition 1.2.8: A point x € M is recurrent for T if there exists a sequence (n;)jen C N,
nj — +oo,s.t. T (x) — x.

Theorem 1.2.9 (Poincaré recurrence, topological version): Suppose M to be a N2 topological
space. Let u be a T-invariant finite measure on M, then u-a.e. x € M is recurrent for T.

Proof. Let {Uy }ren be a countable basis of open sets of the topology of M. For each k € N denote

Vi ={x € Ug | jﬂn eN;s.t. T"(x) € Ui}
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then, by Theorem 1.2.6, u(V) = 0 for every k € N. Hence if V = Ugen Vi we have u(V) = 0. To
conclude let us prove that every x € M \ V is recurrent. Take x € M \ V and U any neighborhood
of x. Take an Uy s.t. Ux C U (such Uy exists from the definition of basis of open sets). Since
x ¢ V holds also x ¢ Vi, hence exists n € N, s.t. T"(x) € Uy c U. Since U is arbitrary the thesis
follows. O

Remark 1.2.10: The Poincare recurrence theorems are not true in general. For example consider
T : R — R be the function T(x) = x + 1, x € R. Obviously T preserve the Lebesgue measure on R
(which is not finite) and no point x € R is recurrent for T (easy to check). In particular, according
to the Poincare recurrence theorem in the topological version, 7' can not admit any finite invariant
measure.

1.3 Kac theorem

Definition 1.3.1: Let u be a o-finite measure on M non-singular w.r.t. 7. Consider E € B with
H(E) # 0, we define the first-return time function pg : E — N, U {oo} s.t. for every x € E
pe(x) =min{n e N, | T"(x) € E}.

if {ne N, |T"(x) € E} # 0, pe(x) = oo otherwise (that is if x has no iterate in E). By Theorem
1.2.6 we have pg = oo only on a zero measure set.

Remark 1.3.2: Let u be a o-finite measure on M non-singular w.r.t. 7" and conservative (for
example u an invariant finite measure, for Poincare recurrence Theorem 1.2.6). Consider E € B
with u(E) # 0 and define

Eo={xe€eE|T"(x) ¢ E YneN,}.

By Halmos recurrence Theorem 1.2.5 we have that u(Eg) = 0. In particular pg is finite u-a.e. on
E.

Theorem 1.3.3 (Kaé¢): Let u be a o-finite invariant and conservative measure and E € B with
u(E) # 0, then pg is finite u-a.e. on E. Moreover if u is invariant and finite, then pg € L'(u)
and

/ pEdu = p(M) — p(Ej)
E
where Ej = {x € M | T"(x) ¢ E Vn € N}.
Proof. The first part has been proven in the previous Remark. Suppose u finite. Let Eq be like in
the previous Remark and Ej like in the statement. For every n € N, define also
E,={x€E|T'(x)¢gEVi=1,...,n—-1,T"(x) € E}
Ei={xeM|x¢E, T'"(x)¢EVi=1,....,n—1,T"(x) € E}.

Observe that E,, = pgl({n}) for every n € N,. Moreover the family {E, },,en U {E }nen is @
partition of M. Hence (using the previous remark)

+0o > pu(M) = > (u(Ep) + p(Ep))

neN

= u(Ey) + D (u(En) + u(Ey)) (1.2)

neN,

= > u(En) + > u(Ey)

neN, neN
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that, in particular, gives u(E,,) — 0. Now let us prove that for every n € N holds
TN E}) =E,, UEu, (1.3)

in fact T(y) € E; implies that T'(T(y)) ¢ E fori=1,...,n—1and T"(T(y)) = T"*'(y) € E and
this can be true only if and only if y € E;‘l 41 Oy € Eyyp. Using (1.3) and the invariance of u we
obtain

H(E;) = w(T~(E}) = u(EL,,) + 1(Ensr)

for every n € N and using this relation compulsively we get

H(Ey) = p(En) + > u(Ep)

i=n+l1
for every m,n € N, m > n. But we know that u(E},) — 0, so taking the limits for m — +oco we
find that
u(Ey) = > u(Ep).

i>n+l

Substituting the previous equation in (1.2) we obtain

(M) = u(Ep) = > (Zu(Ei)

neN, \i>n
= > nu(Ey) =/pEd/u-
neN; E

O

Corollary 1.3.4: Let j1 be a finite invariant measure and E € Bwith u(E) > 0. Then pg € L' ()
and if we suppose that u(E;) = 0 we have

1 _ u(M)
(E) /E’)Ed’““ W(E)

In words, the above equation means that the mean return time to E (the left-hand side) is inversely
proportional to the measure of E.

1.4 Existence of invariant measures for continuous transformations

Let (M, d) be a compact metric space and T : M — M a continuous map. Like in the previous
chapter B will be the Borel o-algebra of M.

Definition 1.4.1: We define M (M) the family of all the signed finite Borel measures on M. More-
over M (M) will be the set of all the probability measures on M.

Remark 1.4.2: Obviously M (M) c M(M). Itis well known that if ||-||y is the total variation
norm, the couple M (M), ||-||pv form a Banach space, and with this structure, by the Riesz-Markov
Theorem M (M) is linearly isometric to the topological dual of C(M), thatis C(M)*. In particular

we can use this isometry to put on M (M) the weak* topology induced by from the weak™ topology
of C(M)*.

Lemma 1.4.3: The space C(M) with the uniform norm ||-||, is separable.
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Proof. Consider F = {1} U {f;},en, Where 1 is the function constant 1 and for every i € N and
everyx € M

fl(x> = d(x9 xi)

with {x;};cn @ countable dense subset of M (which is separable since it is a compact metric space).
Then for K = R, @ consider

n
K[F]:{l_[gln’|N€N+, n; € N, giEFVi:L...,N}.

i=1
Observe that both Q[F] and R[F] are algebras of functions contained in C (M) and that Q[ F] is
dense in R[F] uniformly. In fact If
g= D) Anm8' ... g €R[F]
(n,')l{;lGS
with S ¢ NF finite, k € N,, then for every (ni)f‘:1 € § exists (a;{?...,nk)jEN C Qs.t. af,{?___,nk —
An,,...n, When j — oo. Then if we define for each j € N

g = >V al) .&h...g e Q[F]
(ni)k €S
we have that
||g - g(j)”oo <| > ||g?1 gZ"”Oo ( max |Ang,...,ng — afﬂl?m,nk| -0

Nk
(n)E €5 ni)ieg €8

for j — oo. Therefore, to obtain the thesis we can show that R[ F] is uniformly dense in C(M) and
to do this we use the Stone Theorem. The algebra of functions R[F] contains 1 and let us show
that is separating. Let x,y € M, x # y, since {x;};en is dense there exists a x,, s.t.

d(x,xp,) < @

and can not happens d(x, x;) = d(y, X,,,), otherwise
d(X, y) < d(x,xm) + d(y,xm)

2
< =d(x,
74(x.)
that is clearly an absurd. Hence f;,, separetes x and y. O

Corollary 1.4.4: The set M| (M) is weak* sequentially compact in M(M).

Proof. By the well known Banach-Alaoglu Theorem the unitary ball of M (M) is weak* sequen-
tially compact and M (M) is contained in it. Moreover M (M) is the intersection of kernels of
evaluation operators of functions in C(M) so it is weak* closed, hence it is weak* sequentially
compact. O

Definition 1.4.5: We define ./\/llT(M ) to be the set of all the T-invariant probability measures in
Mi(M).
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Theorem 1.4.6 (Krylov-Bogolyubov): The set ./\/llT (M) is a non-empty, weak* sequentially com-
pact, convex subset of M(M).

Proof. Step 1: There exists a T-invariant borel probability measure defined on M.
Fix xo € M and for every n € N, define the borel probability measure yu,, : B — [0, 1] setting

n—1
/ Ddin =1 > p(T(x0))
M n =0

for every ¢ € C(M). In the prequel we have shown that M (M) is weak* sequentially compact,
hence there exists s subsequence (i, Jken and a u € My (M) s.t. uy,, 5 u for k — co. It remains
to prove that y is T-invariant. Pick ¢ € C(M)

o
/M¢0Tdu=klgrc}oa§¢(T(XO))

ni—1
= Jim 3 0T o) = [ adu
k—oco N iz0 M

so that u € ./\/llT(M).

Step 2: The set MIT(M ) is convex, bounded (w.r.t. the total variation norm) and weak* closed
(by definition, in fact MIT(M) = {ueMM)|u=0, u(M)=1, u= f.u} that is clearly an
intersection of preimages of evaluation operators on M (M) of closed subsets of [0, 1]), hence it
is weak* sequentially compact since it is contained in M (M). m]
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Ergodic Theorems

2.1 Functional and Von Neumann ergodic theorems

Let (X, ||]|) be a Banach space and L(X) be the space of all the bounded linear operators form X
to X. Recall that a projection is a P € L(X) s.t. P> = P. Recall also that if P is a projection then
X = Xp & X; with Xy = ker(P) and X = ran(P) = ker(/ — P) where [ is the identity operator of
X.

Theorem 2.1.1 (Functional ergodic theorem): Let L € L(X). Assume that there exists a con-
stant ¢ > 1 s.t. ||L"||,, < ¢ VYn € N. For n € N define the bounded operators S, : X — X by
Sy = % ZZ;& LK. Then the following holds.

(1) Let x € X,then the sequence (S,x),en converges if and only if it has a weakly convergent
subsequence.

(2) The set Z = {x € X | (SpX)neN converge} is closed, T-invariant linear subspace of X and
Z =%ker(I-L)@®ran(I — L).
Moreover if X is reflexive holds Z = X.

(3) Define the bounded operator S : Z — Z by S(x+y) = xforx € ker(I-L) andy € ran(I — L).
Then limy, 4o Spz = Sz ¥z € Zand SL = LS = $* = S and ||S],, < c.

Proof. Step 1: Letn € N. Then ||Su/l,, < Lie

n

By the triangle inequality holds

1
”Sn”op < Z

n-1 f
Z L ”op <c
k=0

for every n € N,. Moreover S,,(I — L) = %(1 — L") so that forevery n ¢ N

1+c

1
”Sn(l - L)Hop = ; “I - Ln“op <

9
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Step 2: Le x € ker(I — L), then Syx = x for everyn € N and ||x|| < c||x+ & — Lé&|| for all
e X

Since Lx = x, by induction follows L*x = x Vk € N, hence x = % ZZ;& L¥x = S,x Vn € N.
Moreover, by Step 1, holds that

1+c¢
531

n

Tim (1S, (¢ = LE) o < lim
hence
llxll = lim Jlx +8,(& = LE = lim [|S,(x +& = LE < ¢ flx + &~ L&l
for every € € X.
Step 3: If x eker(I — L) and y € ran(l——L) then ||x|| < c|lx+yll.
Choose a sequence (&)nen C X s.t. y = limy, 00 (&, — LE,). Then by Step 2 we have

llxll < ¢ llx +&n = &l

for every n € N and taking the limit for n — co we obtain ||x|| < x ||x + y||,

Step 4: ker(I — L) Nran(I — L) = {0} and the direct sum Z = ker(I — L) ®@ran(I — L) is a
closed subspace of X.

Let x € ker(/ — L) Nran(/ — L) and define y = —x. Then by Step 3 holds

llxll < cllx+yl =0

hence x = 0. This prove the first part. Now we prove that Z is closed. Choose two sequences
(xn)nen C ker(I — L) and (y,)neny C ran(I — L) s.t. z,, = 2, + ¥y, — z for some z € X. Then
(zn)nen is a Cauchy sequence and for Step 3 also (x,)nen. This implies that also (y,)nen 1S a
Cauchy sequence and as a consequence defining x = lim,,_,« X, € ker(/—L) and y = lim;, o y, €
ran(/ — L) wehave z=x+y € Z.

Step 5: If z€ ZthenTz € Z.

Letz € Z, then z = x + y with x € ker(/ — L) and y € ran(/ — L). Choosing a sequence
(én)nen C X st y =lim, oo (I — L)&,, we get

Ty=1lim L(I- L), = lim (I - L)L&, eran(l — L)
n—oo n—oo
hence Tz=Tx+Ty=x+Ty e Z.
Step 6: If x e ker(I — L) and y € ran(I — L) then x = lim,_,o S, (x + y).
By Step 1 the sequence (S, (1 —L)&)nen converges to O for every & € X. Hence, since ||Snlop, <

¢ by the uniform limitness principle follows that lim,,—,. S,y = 0 for all y € ran(/ — L). Moreover
Sux = x for every n € N by Step 2, so that x = lim,,—c Spx = limy; 00 Sy (X + ).
Step 7: Let x,z € X, t.fa.e.

(1) x eker(I—L)and z —x € ran(I — L);
(2) limy, 0 ||Spz — x| = 0;
(3) I(ni)ken C N, ng 7 oo, s.t. im0 (x™, Sp,2) = (x*, x) for every x* € X*.

Taht (1) implies (2) follows directly from Step 6. Moreover (2) implies (3) is obvious (since
strong convergence implies weak convergence). Let us prove that (3) implies (1). Fix x* € X*,
then L*x* = x* o L € X* and

(x*,x—Lx) ={(x*—L*x",x

= lim (x" — L*x", Sy, z)

1—00

= lim (x*, (/ = L)Sy;z) =0
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where the last equality follows from Step 1. Hence ||(/ — L)x|| = O (from Hahn-Banach theorem),
so x € ker(I — L). Now we prove that z — x € ran(/ — L). Assume, by contradiction, that z — x ¢
ran(/ — L), then by Hahn-Banach theorem we know that exist x* € X* s.t. (x*,z —x) = 1 and
(x*,& — L&) =0 for any ¢ € X. This implies

for every k € N and every £ € X. Hence (x*, &) = (x*, TX¢) for every k € N and every & € X, thus
1 n—1
<x*,SnZ> = = Z(x*,TkZ> - <X*, Z)
=0
for every n € N,. So by (3) we have
(r',z=x) = lim (", S,z = x) = 0

that is an equality that contradicts (x*,z — x) = 1.

Step 8: We conclude the proof.

The subspace Z is closed and L-invariant by Step 4 and Step 5. Moreover, by Step 7, for all
z € X holds z € Z if and only if (S,2)nen, converge in X if and only if (S,2)nen, admits a
subsequence weakly convergent. If X is reflexive, it is locally weakly sequentially compact so that
Z = X (since by Step 1 (S,2)nen, is bounded in X for every z € X). Now let S : Z — Z be like
in the statement of the theorem. Then ||S||,, < ¢ by Step 3, the equation Sz = lim;,—c Sy z follows
from Step 6 and S? = S by definition. Lastly SL = LS = S follows from the fact that § commutes
with Lz and vanishes on ran(/ — 7). O

Now let us fix a measurable space (M, B), a measurable transformation 7 : M — M and a
T-invariant probability measure ¢ on M.

Definition 2.1.2: We say that a function ¢ : M — R measurable is (7, u)-invariant (or only
invariant) if ¢ = ¢ o T p-a.e. on M. Moreover we say that a set B € B is (T, u)-invariant (or only
invariant) if 1g is a (T, u)-invariant function.

Definition 2.1.3: Fix p € (1, c0). The operator Ly : LP(u) — LP(u) s.t. Ly¢ = ¢ o T is called
T-Koopman operator on LP (u).

Remark 2.1.4: For p € (1, o) is well known that the space L? (u) is reflexive, so if wemconsider
the T-Koopman operator Ly on L” () we have that ||[L7l|p () = 1@l 1p () for every ¢ € LP (p),
hence || Lr||op = 1. In particular all the requirements for the application of the previous theorem are
fulfilled. Thus if we consider the projection S : Z — ker(/ — L) given by the functional ergodic
theorem, we have Z = L”(u) and the space ker(/ — L) is exactly the space of all the invariant
functions in L? (u). In particular every function ¢ € LP () admits the projection ¢ = S¢ to the
space of all the invariant functions in LP (u).

Theorem 2.1.5 (Von Neumann ergodic therorem): Fix p € (1,00). Given ¢ € LP(u) let
$ € LP(u) be the projection of ¢ to the linear subspace of all the invariant functions in LP (u).
Then the sequence S, ¢ = % ZZ;& ¢ o T*, n e N,, converge to ¢ in LP (1) for n — co.

Proof. Let Lt be the T-Koopman operator on L? (u). Like we noticed in the previous remark Ly
satisfies all the requirements of the functional ergodic theorem. Like we noticed in the previous
observation the space L” (u) is reflexive, hence (by the functional ergodic theorem) the sequence
(Sné)nen, converges in LP (u) to 4. m]
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2.2 Kingman subadditive ergodic theorem

Let us fix a measurable space (M, 3), a measurable transformation 7" and u a T-invariant probability
measure on M.

Definition 2.2.1: A sequence of functions ¢, : M — R is said to be (T, u)-subadditive (or only
subadditive) if for any m,n € N,

Omin < Om + dpoT™ p-ae. on M.

Theorem 2.2.2 (Kingman subadditive ergodic theorem): Let ¢, : M — R, n € N, a subaddi-
tive sequence of measurable functions s.t. ¢ € L'(p). Then the sequence (¢, [n)nen, converges
p-a.e. on M to some function ¢ : M — [—co, +c0) that is invariant under T. Moreover ¢* € L' (1)
and

/ ¢du = lim/ ¢ndu = inf —/ ¢ndu € [—o0, +00).
M n—oo M

neN, n

In order to prove this theorem we need some lemmas.

Definition 2.2.3: A sequence (a,)nen C R is subadditive if fro every m,n € N holds a4, <

am +a,.

Lemma 2.2.4: If (a,)nen C R is a subadditive sequence then

. an . an
Jlim — = inf —.
n—oo n neN; n

Proof. Givend € N, for all n € N, we have n = p,d + k with 0 < k < d and p,, = |n/d]. Then

for subadditivity
dan

— < - (pnad +ag)
n
and J !
ad
inf — < — < —(pnad+ak) < — Pn + — max ay.
meN; m n n d  ni<kzd
Hence for all d € N, we have
aq
inf — < hmsup— < —
meN, m n—oo N d

where we used that p,,d/n — 1 and (max|<x<g4 ar)/n — 0 for n — oo. So taking the infimum for
d € N, we obtain

. an . . Ay

limsup — = inf —

n—oco N neN;, n

then the thesis follows easily. O

Remark 2.2.5: Let (¢,,),en be a sequence like in the statement of the Kingman ergodic theorem,
then by subadditivity we have
Pn<pr+¢proT+---+¢ oT"!

and this relation remains valid als if we replace ¢; and ¢, with ¢] and ¢;,. Hence the hypothesis
¢t € L'(n) implies ¢}, € L' (u) for every n € N,.. Moreover if we set

an:/ ¢n dp
M
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for every n € N, then (a,)nen, C [—00,+00) is subadditive, indeed by subadditivity of (¢,)nen,
we have

an+m=/ ¢n+mdus/(¢n+¢moT”)dﬂ=an+/ $moT"du = an+ap
M M M

for every n,m € N, (where, in the last equality, we used that u is T-invariant). Therefore by the
previous lemma there exists the limit

..a . a
L= lim — = inf —= € [~o0,+00).
n—o n neNy n

Define ¢,,¢_ : M — Rtobeforallx € M ¢_(x) = liminf,, e ¢"T(x) and ¢, (x) = limsup,,_,, ¢"rfx)
and observe that obviously ¢_ < ¢,. Moreover ¢* € L'(u), because using Fatou lemma and the

T-invariance of u, we get

M 1
/(/id,u:/ liminf&d,usliminf—/ ¢;du§/ ¢7 du < +o0.
M M N n n—o n [ M

The strategy of the proof of Kingman ergodic theorem is the following: we are going to prove
that if ¢,, is bounded from below for every n € N, then

/¢_du2L2/¢+d,u.
M M

Consequently ¢_ = ¢, = ¢ p-a.e. on M and their integrals coincide with L. Moreover the
two functions ¢, and ¢_ are invariants, indeed by subadditivity, for every n € N holds ¢,+1 <

¢1+ ¢, oT, hence

n+1 ¢ue <ﬂ+¢nOT

n n+l n n

and taking the liminf, .., and the lim sup,,_,,, we obtain
¢ < ¢proT.

At the same time, using the 7T-invariance of y, we get the inequality

/¢idﬂ:/¢i°Tdﬂ
M M

that gives fM [p+ 0T — ¢p] du = 0, but we saw that ¢, o T — ¢, > 0, so it follows that
¢proT =¢, p-ae. on M.

Thus the Kingman ergodic theorem will be proved in the case of boundess from below, at the end
we will remove this boundness assumption using a truncation argument.
In the following lemmas we will use the ojects and notations introduced in this remark.

Lemma 2.2.6: Assume ¢_ > —oo at every point of M. Fix € > 0, let us define for evry k € N,
Ex={xeM|¢;<jl¢p_(x)+¢) forsomeje{l, ..., k}}

and
o_(x)+e x€E;

ple) = {¢1(x) x ¢ Ex.
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Then Ex C Egyy for every k € Ny, M = Ugen, Ex, ¢1(x) > ¢-(x) + & for every x € E; and
Ui\, ¢- + & on M. In particular

/zﬁkd,u—>/ ¢_du+e fork — o
m M

Moreover holds the estimate

1 n—1

Yi(T'(x)) + >, max {y, ¢1} (T'(x))

i=n—k

n—

k—
$n(x) < D

i=0

foreveryn >k > 1and u-a.e. x € M.

Proof. Remember that ¢_ = liminf,, . ¢, /n, so if x € M there exists n € N s.t.

inf ¢—,j§¢_(x)+8,
I<j<n J

hence x € E,, and for all k > n

inf ﬁ <¢o_(x)+e
I<j<k j

thatis x € Ey, hence Ex / M. If x € Ej, then for every j € {1,...,} holds

¢j(x) > j(¢-(x) +&)

in particular ¢ (x) > ¢_(x) +& forevery x € Ugen, E . Hence we also have that i ™\, ¢— +& on
M and from the monotone convergence theorem (applied to the non-negative increasing sequence
of functions (¢7 — ¥x)ken,) We obtain

/‘//kdll—>/(¢_+8)d,u as k — oo.
M M

Now let us prove the estimate of the statement. Take x € M s.t. ¢_(x) = ¢_(T/(x)) forall j € N,
(remember that ¢_ is invariant so ¢_ = ¢_ o T/ p-a.e. for every j € N, hence ¢_ = ¢_ o T/ for
every j € N, u-a.e.). Now consider the sequence, possibly finite, of integers mg < ny > mj <
ny < my < ... defined inductively as follows. Define mo = 0 and let n; be the smallest integer
greater or equal to m j_ satisfying 7"/ (x) € Ey, if such an integer exists, otherwise stop the process
(and the sequence is finite). Then by the definition of Ey exists m; s.t. 1 < m; —n; < k and

Gmj—n; (T (x)) < (mj —n;) (¢ (T (x) + &) (2.1)
This completes the definition of the sequence above. Now take n > k and let [ > 0 be the largest
integer s.t. m; < n. By subadditivity forevery j = 1,...,[s.t. mj_1 # nj holds
nj—1 .
Gy (T () < D 1(T (1))
i=mj_|

and analogously
n-1

Gy (T () < D7 $1(T" (x)).

i=my

Thus using the sublinearity compulsively: n = (n — m;) + m; so

On < Gy + Ppomy © T,
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mp = (ml - nl) +n; SO
¢n S ¢nl + ¢ml—nl o Tnl + ¢n—ml o Tmla

np = (ng —my_1) +my_1 so

n = @m-1 ny—mj_ - m;—ng " n—mj "
) + ¢ oT™-1+ ¢ oT" + ¢ o™

and continuing in this way, at the end, we obtain

l l
Gn(xX) < D b, (T"7(X)) + Gy (TYHX)) + D by, (T ()
j=1 7=l

and using the estimates written before

iel

!
$n(x) < D5 G1(T (X)) + D Gy, (T (%))
J=1

with [ = Uj’:l [mj_1,n;) U [my, n)] N N. Now observe that

l

U mj_1,n;) U [m, min{nz,n})| NN 2.2)
j=1

G (T (x)) = i (T'(x)) Vi €

since T'(x) € E; for all those i. Moreover since ¢ is invariant it is constant in u-almost all the
orbits and ¥ > ¢_ + &, the relation (2.1) gives forevery j = 1,...,!/

By, (T () < (m = ) (- (T (x) + &)
mj—1

= > (- (T (x) +e)

1=nj
mj—1

= > (- (T'(x) +e)

mj—1 )
< > T ().
In this way using (2.2) we get
min{ng,n}—1 ) n—1 .
$a(x) < D (T + D5 61(T'(x)

=0 i=nj41

and since ny41,n > n — k the thesis follows easily. O

Lemma 2.2.7: It holds that fM ¢_du=L.

Proof. Suppose for a while that the sequence (¢, /n),en, is uniformly bounded from below, that
is: exists K > 0 s.t. ¢,,/n > —K for every n € N,. Using the Fatou Lemma to the sequence of
non-negative functions (¢, /n + K),en, We get

/¢_d,u+KSIiminf/ on/ndu+K=L+K.
M n—e M
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So ¢_ € L'(u) and S y $-du < L. To prove the opposite inequality observe that the previous
Lemma implies

1 —k k
—/ ¢ndys”—/ wkdw—/ max{ye. é1} du
nJm n M nJm

and observe now that max{y/x, #1} < max{¢_+&, ¢} € L'(u). Hence taking the lim sup,,_, ., we
obtain

LS/ Yrdu Vk e N
M
so taking the limit for k — oo and using the monotone convergence theorem (applied to the se-

quence (max{¢_- + &, ¢7} — Vi )nen,) We get

n—oo

L < lim 1pkd,u=/ ¢p_du+e
M M

and for € — 0% we obtain the thesis in the case of uniform boundness from below of (¢, /n)nen, -
We are left to remove this hypothesis. For K > 0 define

X = max{¢,, —kn}, ¢* =max{¢_,-K}.

The sequence (¢X),cn, satisfies all the conditions of Kingman ergodic Theorem (it is subadditive
and (qﬁ{()* € L'(u)). Moreover it is clear that X = liminf,,_,., X /n. So from the same argument

LSE[] FIE I:LISI) Egat
(ﬁn du - l]lf (ﬁ du.
/)\[ K>0 /’11 n

By the monotone convergence theorem (applied to (¢7 — ¢X) k-0 and (¢7 — %) x=0) we get

_ K _ K
/]\/[‘pndﬂ—}{nj;)/jwandﬂ, /M¢—du—11(n>f0/M¢_du
as a consequence we have
_du = inf Kq
/M¢ H 11<11>0/M¢_ u
1
= inf inf / oK du = inf —/ ¢pdu=L.
M N M

K>0neN; neNy n

Lemma 2.2.8: Ify € L' (u) then
Yol™

— 0 p-a.e. on M forn — oo.

Proof. Fix € > 0. Since u is invariant we have that

p(l¢ o T"| 2 ne) = u(|¢| = ne) = 37 pu(k < |gl/e < k+1)

k>n

then adding over n € N, we obtain

s _ 91 44t < oo
Z,u(|¢OT | > ne) = Zk,u(k§|¢|/s<k+l)£/M . du < +

neN; keN,
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because ¢ € L' (u). Then for the Borel-Cantelli lemma we get
u(l¢p oT"| > ne for infinitely many n € N,) =0

. Hence for y-a.e. x € M there exists P, € N, s.t. for every n > P, holds |¢(T"(x))| < ne.
Choosing € = 1/i,i € Ny, we can find a B; € Bs.t. u(B;) =0and |¢ oT"| < n/i on Bf. Then, if
B = Ujen, Bi, holds u(B) = 0 and

1
lim —|¢ o T"| =0 on B.
n—oon

Lemma 2.2.9: For any k € N, holds
¢kn ¢n

limsup — = k limsup —.
n

n—oo n n—oo

Proof. Obviously limsup,,_,., ¢xn/n < klimsup,_, ., ¢,/n since (¢r,/n)yen, is a subsequence

of (¢n/n)nen,. To prove the opposite inequality let us write n = kg, +r, withr, € {1,...,k}.
By subadditivity
bn < Prgy + br, 0 THI < Py, + 4 0 TR (2.3)
with ¢ = max{¢7, ..., ¢ }. Observe now thatn/q, — k for n — oo (since r,, < k). Moreover by
the fact that € L'(u), using the previous Lemma we get
yoT"

— 0 p-a.e. on M for n — oo.

Hence dividing by n in (2.3) and taking the lim sup,,_, ., we obtain

qun
lim sup In < limsup qjkl + lim sup °
n

n—00 n n—0o0o n—0oo
k k Tkan
= lim sup qn —¢kq” + lim sup Ldn —lﬁ °
n—oo n Qn n—oo n kqn

=0

1 k
= — lim sup n —¢kq"

n—oo n dn
——

—1
1
= — lim sup %.
q— q

¢’“1n
qn

where we used that lim sup,,_, = limsup,_,, % (since g,, — oo for n — o). O

Lemma 2.2.10: Suppose that inf ;cpy ¢, (x) > —co for every n € N,. Then fM ¢ du < L.

Proof. Fix k € N,. For each n € N, consider 6,, = — Z?;o] ¢ oT/ k. Observe that since M is
invariant holds

/ O, du = —n/ o du Yk € N;. 2.4)
M M

Since the sequence (¢,),en, is subadditive (note that ¢,4p < ¢y + @y o T" implies —¢,, o T" <
®n — Gnem) We have

0, <

n—

ML

(Pjk — (j+1)k) = —Pnk Yn € N,.

~
Il
(=)
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Hence using the previous Lemma we obtain

0
0_ =liminf — < — lim sup M = —k lim sup ﬁ =—ko,
n—eo  n n—oco n n
SO
/ 0_du < —k/ ¢, du. (2.5)
M m

Observe also that the sequence (0,,),en, satisfies Oy = 0y + 0, 0 T mk for every m,n € N, (that
in particular implies that the sequence of functions (6,),en, is subadditive w.r.t. T* that obviously
preserves u). Since ) = —¢i is bounded form above by —infyen, ¢x We also have that Q‘f is
bounded and in particular integrable. Hence we may use the Lemma 2.2.7, together with (2.4), to
obtain

/ 0_du = inf —d,u— / o1 du, (2.6)
M

neN,

hence, putting together (2.5) and (2.6) we get that

1
/ ¢+ du < Z/ Pr dp
M M

and taking the infycn, , we obtain the thesis. O

Proof of the Kingman subadditive ergodic Theorem 2.2.2. By the Lemmas 2.2.7 and 2.2.10 we get
that if in fyxeps dn(x) > —oo for every n € N, then

/¢—dﬂ=L2/¢+du2/¢—du
M M M
/¢+d/~t=/¢d/~t=L-
M m

Hence for what we said in the Remark 2.2.5 the theorem is proved in the assumption of boundness
form below. In the general case consider for every n € N, and every K > 0

that implies

¢ = max{g,, —Kn}, ¢X =max{¢_,-K}, ¢¥ =max{¢.,-K}.

Then the previous argument applies to the sequence (¢X),cn, for each K > 0, hence ¢X = ¢¥
u-a.e. on M for every K > 0. But X — ¢, and ¢¥ — ¢_ for K — +00, 50 ¢_ = ¢, u-a.e. on M
and the thesis follows like in the previous case. O

2.3 Birkhoff ergodic theorem

Again let us fix a measurable space (M, B3), a measurable transformation 7" and y a T-invariant
probability measure on M of.

Lemma 2.3.1: Forany ¢ € L'(u) there exists ¢ € L' (u) invariant s.t.

n-1

1 : -
- E poT/ — ¢ in L' () forn — .
n“4

J=0
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Proof. By Von Neumann ergodic Theorem 2.1.5 we know that for y € L®(u) C L?(u) exists
W' e L?(u) s.t.

—_

S

Y oT/ — ¢ in L?(u) for n — .

S| =
~.
Il
o

We claim that ¢’ € L'(u). Indeed for every n € N, holds

n—1

1 .
;leoTJ

J=0

< Wil Lo )
L(p)

and, since we can bound the L!(x)-norm with the L?(u)-norm (because y is a probability), we

also have
n—1

1 .
—ZwOTJ — ¢’ in L' (y) forn — oo
n“4

J=0

hence we get
I Nty < Ml ooy < oo

So the thesis holds for functions in L (u). Now take ¢ € L'(x) and remember that for every & > 0
there exists a function ¢ € L™ () s.t. [|¢ — ¢l[.1(,) < &. By averaging

lnl

ZqﬁoT]——Zl//oT]

<e&

L(p)

since T preserves . Moreover by what we proved previously there exists ¢’ € L' () and ng € N,

S.t.
1 n—1
n =0

lnl n' -1

ZqﬁoT]——ZqﬁoTj

oT/ — <e VneN,, n>nyg.

L(p)

As a consequence

<4e Vn,n’ e N;, n,n’ > no,
L' (u)

hence (n~! Z;.‘;Ol ¢ o T') e, is a Cauchy sequence in L!(u), so it converges in L!(u). Moreover
for every n € N, holds
15 1
E T/|oT - — E T/ <=
¢o o o ¢o

LY(p)

2
= ol L1 (u)
L' ()

Z(poT]

j=0

hence the limit function must be invariant. O

Theorem 2.3.2 (Birkhoff ergodic theorem): Let ¢ € L' (u). There exists ¢ € L' (u) invariant,
called time average of ¢ w.r.t. T (or only time average of @), s.t.

n—1

poT/ — § p-ae on M andin L' (p).

=0
/édu=/ ¢ du.
M M

S|

In particular holds the equality
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Proof. Define for avery n € N, the functions
n-1
= l Z ¢ (0] TJ,
nis

we have that ¢4m = ¢ + ¢ o T™, in particular the sequence (¢, ),en, is subadditive and ¢y =
¢ € L'(u), so also ¢7 € L'(u). Hence the Kingman subadditive ergodic Theorem 2.2.2 applies
and we obtain that (¢, /n),en, converges to some ¢ : M — R measurable, invariant and with

¢t e L'(p) s.t.
¢du— inf —/ $ndu = /¢du,

neN; n

in particular ¢ € L'(u). The convergence is also in L!(u) for the previous Lemma. O

Corollary 2.3.3: Let E € B. The function
1 .
T(E,x) = lim —#{j €{0,1,...,n -1} | T/ (x) € E},
n—oo n

called mean sojourn time in , is well defined for u-almost all x € M. Moreover T(E,-) € L'(u)
and

/ P(E.x) du(x) = p(E).
M

Proof. The thesis follows from Birkhoff ergodic Theorem 2.3.2 observing that for every x € M
holds

1 . ln—l .
lim —#{j €{0,1,...,n =1} | T/(x) € E} = lim — > (T’ (x)).
n—oon n—oo n j:()
O

Now we give an alternative proof of Von Neumann ergodic Theorem 2.1.5 that is indipendent
by the functional ergodic Theorem 2.1.1 and uses only the Birkhoff ergodic Theorem 2.3.2.

Proof of Theorem 2.1.5 using Theorem 2.3.2. Consider any p € (1,00) and ¢ € LP(u). Let ¢ be
the time average of ¢, then ¢ € L? (u). Indeed

5 1n—1 )
< lim — T/
|¢|_ngrgonj§|¢o |

so holds
17
1|7 < 11m l Z|¢OT'|

and then using Fatou Lemma
_ 1/p
[/ |¢|pd,u} < liminf
M n—eo

=lim 1nf

n—oo

1 /p

1<
Z| oT]lP

] =0

-1

Z oTj|

=0

LP(u)
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hence using Minkowski inequality and the fact that y is invariant, we get that

~ ~ 1/p
18110 (o) = [/ |¢|”d#]
M

n—1 )
DllgoT|
Jj=0

< ||¢||Lp(ﬂ) < +o0.
LP(u)

o1
< liminf —
n—oco n

Now let us show that

—_

S

poT/ — & in LP(u).

S |-
~.
I}
o

Suppose first ¢ bounded, hence exists a C > 0 s.t. |¢| < C, then

1 Z;-L:_OI ¢ oT/| < C for evry
n € N, and |$| < C. Hence we may use the dominated convergence Theorem to obtain

p

lim du=0
n—oo M

1 =l S
w200 =
n 55

that is the desired convergence. Now let us drop the boundness assumption in ¢. Consider any
sequence of bounded measurable functions (¢x)xen, converging to ¢ in LP (1) and denote ¢y the
time average of ¢ for every k € N,. Let us write

n—1

1 n-1 . B 1 n-1 . 1 . . . B
‘;ZMW —0| < 2@—d0oT|l =D dkoT =gl +ld—llLr gy
Jj=0 LP () J=0 LP(u) J=0 LP(u)

and notice that exists ko € N s.t. ||¢ — ¢l[zr(u) < &/3 for every k > ko, that implies
(¢ = ¢x) o T || o(u) < €/3 Yn €Ny Vk €Ny, k > ko

since u is invariant, thus

ln—l

> (¢—¢r)oT/
n

£
<@ = drllLr ) < 3 VneN; VkeN,, k> k.
LP (p)

Furthermore using Fatou Lemma in the previous inequality gives
U g
16 = bulier ) <@ = ulliLrw < 5 V€N k2 ko

in fact ¢ — ¢x = ¢ — dr. By the previous case for every k € N, there exists no(k) € N, s.t.

1 =l S e
- droT! — i <= VneN,, n>nyk)
n<s " 3
LP(u)
hence
n-—1
—Z¢OTJ—¢ <e VYneN,, n>nylkp).
Jj=0 LP (1)
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2.4 Ergodic theorem for flows

As before we fix a measurable space (M, B), a flow {T’},cg and y an invariant probability measure
for the flow on M.

Theorem 2.4.1 (Ergodic theorem for flows): Let ¢ € L'(u). There exists ¢ € L' (u) invariant
S.1.

1 [T -
—/ poT dt — ¢ p-a.e. on M and in L' () for v — co.
TJo

Moreover if ¢ € LP (u) for some p € [1,0) then ¢ € LP () and the limit is also in LP (u).
Proof. We have

T L7]+1 L7] k+1
/ ¢0Ttdt+/ ¢0Ttdt=2 ¢oT"dt
0 T k=0 J k

and
k+1

1
¢0Ttdt:/ ¢oT*dr
0

k

1
:/ poT oT dt=doT*
0

where @ = fol ¢ o T" dt. Now @ is obviously measurable and if ¢ € L?(u) then ® € L?(u) (by
Minkowski’s inequality in integral form). Moreover if ¢ € L®(u) then

1 T
- / ¢ oT"dt — 0 uniformly for T — co.
T Jo

Further

T L7] L7]+1
1/ ¢ondz=ﬂLZq>o(T1)k—l/ ¢oT" dr
0 T |7] =0 TJr

T

This, with Birkhoff ergodic Theorem 2.3.2 and Von Neumann ergodic Theorem 2.1.5 (used with
@), holds that if ¢ € L*(u), then %fOT ¢ o T" dt converges u-a.e. and in LP (u) for every p €
[1, o). Now, Minkowski inequality in integral form and the invariance of u yield that for every

¢1,¢2 € LP ()

1 [T 1 [7
H—/ ¢10Ttdl——/ ¢20Ttdl‘
T Jo T Jo

whenever [|¢; — ¢2||1r(u) < & and since we can always approximate an L” (u) function with a
sequence in L* (u) we obtain that % fOT ¢oT"dt converge in LP (u) if ¢ € LP (u) with p € [1, o).
Moreover if ¢ € L'(u), using Lemma 2.2.8 we have

] LTJ+1
—/ poT" dt
T

T

1 T
/ l¢1 = dallrr(udt < e

S —
LP(p) 0

1 LTJ+1
gm . || o T" dt
T

.
:ﬂ/ |p| o T o TL7) dt
71 Jo

1
=—y ol 50 p-ae fort — o

L7}

where i = fol |¢| o T" dt, hence we have the complete thesis. m|
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Ergodicity and Mixing

In the rest of this chapter, if nothing is specified, (M, d) will always be a metric space, 3 the Borel
o-algebraof M and T : M — M a measurable transformation.

3.1 Ergodic systems

Definition 3.1.1: We say that the system (7, i), where u is a o-finite Borel measure on M, is
ergodic (or that u is ergodic w.r.t. T or that T is ergodic w.r.t. u) if for every T-invariant A € 5
holds that min{u(A), u(A)} = 0.

Ther are many useful ways to reformulate ergodicity.

Proposition 3.1.2: Let u be an invariant o-finite Borel measure on M. The following are equiv-
alent:

(1) Every invariant y € L'(u) is constant y-a.e. on M.

(2) For every invariant A € B holds that min{u(A), u(A°)} = 0.
Moreover if u is a probability measure the above are equivalent also to the following:

(3) For every B € B we have T(B,x) = u(B) for u-a.e. x € M.

(4) For every B € B the function (B, -) is constant u-a.e. on M.

(5) For every invariant € L'(u) holds y(x) = fM W du for u-a.e. x € M.

(6) For every ¢ € L'(u) holds $(x) = fM ¢ du for u-a.e. x € M.

(7) For every ¢ € L'(u) the time average ¢ is constant u-a.e. on M.

Proof. First we prove the first part with u o -finite.

* (1) implies (2). Let A be an invariant set. Obviously either A or A€ has finite measure, sup-
pose without lost of generality that A has finite measure. Then 14 is an invariant integrable
function, hence by hypothesis it is constant y-a.e. on M. It follows that u(A) = u(M), so
that u(A€) = 0.

23
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e (2)implies (1). Lety € L'(u) be invariant, then every level set B. = {¢ < c} is an invariant
set. Hence by the hypothesis we have that min{u(B.), u(BS)} = 0 for every ¢ € R. Now
observe that ¢ — u(B.) is non-decreasing, hence there exists a cg € R s.t. u(B.) = 0 for
every ¢ < co and u(B.) = u(M) for every ¢ > co. Then y = co u-a.e. on M.

Now suppose u a probability measure. It is obvious that (3) implies (4), that (6) implies (7) and
that (5) implies (1). Since the time average is an invariant function, we easily see that (1) implies
(4) and that (5) implies (6). Moreover, since the mean sojourn time is itself a time average (of the
the respective indicator function), we have also that (6) implies (3) and that (7) implies (4).

Now suppose that (4) holds. Let A be an invariant set. Then 7(A,x) = T4(x) for y-a.e. x € M.
Since 7(A, -) is by hypothesis constant u-a.e. on M it follows that min{u(A), u(A)} = 0, that is
(2). Hence (4) implies (2).

Finally note that, using the same argument used in the second point of the first part, one can
see that (2) implies (5), indeed if ¢ € L'(u), then we obtain ¢ = ¢y € R p-a.e. on M and since u
is a probability measure it follows that actually ¢ = co = [ ¥ du p-ae. on M. O

Now fixapu € MIT(M ), we are going to see that in this case we can characterize the ergodicity
property also using the 7-Koopman operator L.

Proposition 3.1.3: The following are equivalents:
(1) (T, ) is ergodic.

(2) Forany ¢ € LP(u) and y € L9(u), with p, q conjugate exponents, holds

1 n—1 .
lim = > | (Lyg)y du = ( / ¢du) ( / wdu). 3.1)
noen o JIM M M
(3) Forany A, B € B holds

. 1 n—1 .

Jim ~ > u(T™/(A) N B) = p(A)u(B). (3.2)
j=0

Proof. It is clear that (2) implies (3), simply taking ¢ = 14 and ¢ = Tg. Next let us show that (3)

implies (1). Let A € B be invariant and set B = A in (3), then

n-1

p(A) = Jim 57 u(TI(4) 0 A) = H(AY,
=0

hence u(A) € {0, 1}.
Now, to conclude the proof, is sufficient to prove that (1) implies (2). Consider ¢ € L? (u) and
W € L9(u), by (1) and the Birkhoof ergodic Theorem 2.3.2 we get that

1 n-1

- ZLJT@ — / ¢du u-a.e. on M.
Jj=0 M

n 4
Assume at first that |¢| < k for some k € N,. Then for every n € N

l n—1 .
[ 350

< kly].
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Hence, since k|y| € L' (1), we may use the dominated convergence theorem to get that

&(%gLW)wduﬁ(/M¢du)(/Ml//du)-

This proves (2) when ¢ is bounded. Now we want to remove this assumption. Given any ¢ € L? (u)
and k € N, define

k o(x) >k
dr(x) =10(x)  ¢(x) € [k, k]
-k #x) < —k.

Fix & > 0. Each ¢y is in bounded, hence the previous case gives us that for any k£ € N, there exists

ang(k) € N, s.t.
1n—1 ;
/M(;jZZE)LT“’k)‘”d“‘(/M‘pkd“)(/M‘”d”)

for n > ny(k). Next observe that for every p € [1, co] holds

<é&

lpx — ¢||Ln(#) — 0 for k — oo,

in fact for p = co we have ¢y = ¢ for k > ||§||~(, and for p < o it follows from the dominated
(by 2|¢|” € L'(u)) convergence theorem. Hence, using the Holder inequality, we get

‘(/ka—qs)du)(/deu) | v

for k > kg for some kg € N,. Similarly

<é&

< Nk = Sllr

—

n—

IA
S| =
S .

/ L;(¢k—¢>wdu‘
M

1 n-1
/ U0 L (o — oywr du
M0

—_ O

INA

US|l
2 e -a),,., Wl

~

= ¢k = DllLr () Wl Lau) <&

for every n € N, and every k > k; for some k; € N,. Hence taking k > max{ko, k;} and

n > no(k) we get
ln—l ;
;;()/M(Lm)wdu—(/M¢du)(/deu)

< 3e.

O

Corollary 3.1.4: Suppose that the condition (3.2) holds for every A,B € S, with S a n-system
that generates B. Then (T, u) is ergodic.

Proof. 1t follows by the monotone class theorem. In fact, for each B € B, the family

Fp ={A € B|(3.2) holds with A and B}
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is a A-system. To see this observe firstly that obviously M € Fp and that if A € Fp, then

n—1 n—1

LS (T (A%) A B) — p(AY(B) = | S (T (A 0 B) ~ (1 = p(ADu(B)
Jj=0 Jj=0
n—1

- %Z(MB) W (A) N B)) — (1 - u(A)u(B)

j=0
n—1

= | W (A) 0 B) ~ (Au(B)| - 0
7=0

that is A¢ € Fp. Now it remains to prove that if (Ax)ren € Fp and Ap 7 A, then A € B. Let us
write

n-1 _
%Zu(T J(A) N B) - p(A)u(B)| < |~ Z (T (A) N B) - u(AQ)u(B)
j=0 =0

n—1
1 2K ()0 B) — () (40 0 B)

J=
+[u(Ax) — u(A)|u(B)

S|

and each of the three therms on the right-hand side is infitesimal for k — oo, hence A € Fp. So
by the monotoone class theorem follows Fg = B for every B € B, that is the thesis. O

Corollary 3.1.5:  Suppose that the condition (3.1) holds for every ¢,y in dense subsets of LP (u)
and L9 (u) respecrively, for some p,q € [1,0]. Then (T, ) is ergodic.

Proof. It is a simple approximation argument. O

3.2 Rokhlin disintegration and ergodic decomposition

Let us fix (M, d) a complete separable metric space, 3 the o-algebra of its Borel sets, T : M — M
a measurable transformation and y a probability measure on M.

If P is a partition of measurable sets of M the function 7 : M — P will always be the canonical
projection that assign to each x € M the set P(x) = n(x) € P s.t. x € n(x). The map 7 endows P
with a structure of probability space as follows:

* asubset Q C P is measurable if and only if 771 (Q) = U Q € B; it is not hard to prove that
the family B of such measurable subsets of P is a o-algebra called quotient o-algebra;

« then we define the quotient measure [i : B — [0, 1] s.t. for every Q € B
A(Q) = mu(Q) = p(x~'(Q))

In what follows, when we will deal with a partition P, B and /i will always be the quotient o--algebra
and the quotient measure respectively.
The statement of the main theorem of this section is the following.

Theorem 3.2.1 (Ergodic decomposition): Let u be invariant. There exists My € B with u(My) =
1, a partition of measurable sets P of Mo and a family {up} pep of probability measures on M s.t.
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(1) up(P) =1forj-a.e. Pe<cP;
(2) for every E € B the map P — up(E) is measurable w.r.t. B;
(3) wp is invariant and ergodic for ji-a.e. P € P;
(4) forevery E € B holds
u() = [ et aace).

In order to prove this theorem we are going to introduce an important result in measure theory,
the Rokhlin disintegration.

Definition 3.2.2: A disintegration of u w.r.t. a partition P of M is a family {up | P € P} of
probability measures on M s.t. for every E € B

(1) up(P) =1for ji-ae. P €P;
(2) themap P — Rs.t. P — up(E) is measurable w.r.t. 3;

(3) holds
W(E) = / up(E) da(P).
P

The probability measures {up | P € P} are called conditional probabilities for u w.r.t. P.

Lemma 3.2.3 (Uniqueness of the disintegration): If {up}pcp and {y'p} pep are disintegrations
of u w.r.t. the same partition P, then up = ', for ji-a.e. P € P.

Proof. (Optional) Let U be a countable basis of open sets of the topology of M and let A be the
countable o -algebra generated by /. For each A € A let us consider

Q4= {PeP|up(A) > up(A),
Fa={PeP|up(A) < up(A)}.

Observe that if P € 9 4 then P € 171 (2 4) = U 2 4, hence using property (1) of the definition of
disintegration we get

pp(ANT™H(24)) = up(A);

otherwise if PN~ 1(24) = 0 we have up (AN~ (24)) = 0. THis fact remains obviously valid
if we replace pp with p,. Now using the property (3) of the definition of disinteration, we obtain

Jpup(AN7=1(24)) da(P) = [, , up(A) di(P)

AN (Qy)) =
(AN (24))) {fpﬂ})(Amr‘l(QZA))dﬁ(P)=fngﬂ}»(A)dﬁ(P)

and since pp(A) > pp(A) for every P € 2 4, this implies (i(2 4) = O for every A € A. Analo-
gously follows that (%A 4) = O forevery A € A. Hence for N = Jac4(24UR 4) holds u(N) =0
and for every P € N holds that up(A) = u),(A) for every A € A, that implies up = u', on the
whole B, since 4 generates 5. O
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If P, P’ are partitions we say that P is coarser than P’ or that P’ if finer then P and we write
P < P’ if every element of P’ is contaiced in some element of P. Moreover if n € N, and
P1, ..., Py, are partitions we define

n
\/Pj:{Plﬂ“-ﬁPn|Pj€Pj Vj=1,---’n}
Jj=1

and if {P, }nen, is a sequence of partitions we define

\/ Pn:{ﬂ P, | P, € P, Vnel\l+}.

neN; neN;

Definition 3.2.4: We say that a partition of measurable sets P is a measurable partition if there
exists My € B with (M) = 1 and an increasing asequence of countable partitions

Pr<Py<---<P,<...

S.t.

P=\ Pa

neN,

Remark 3.2.5: Every countable partition of measurable sets P of M is a measurable partition,
indeed we can choose My = M and observe that

P=\/ P

neN,

Remark 3.2.6: (Optional) Let us fix a measurable partition P and any increasing sequence P <
Py < --- <P, < ...of countable partitions s.t. P =V ,en, Py restricted to some My € B with
u(Mp) = 1 and since we can modify My with zero measure sets, we can suppose that each P, is
generated by a countable family of measurable sets with positive measure. As said at the beginning
of the section, for every x € M and every n € N, P, (x) will be the element of P, that contains x.
For any n € N, and any € L'(u) let us consider the conditional expectation

1
 1(Pu() Jp, )

The equality holds because a function is measurable with respect to P, if and only if it is constant
on every element of P, so the right-hand side is measurable w.r.t. P, and if P’ € P, holds

1 1
/P u(Pr(x)) Jp, (x) V() = /P u(P) /P v dul) = /Pwd'u'

Observe that since P,, < P,.+1 for each P € P, there exists Op C P,41 s.t. P = U Qp. Hence if
for every n € N, we denote with F,, the o-algebra generated by P, we have P,, C P, for every
n € Ny, 50 (Fu)nen, is a filtration. Moreover the sequence (E[y | P,])nen, is a martingale with
respect to the filtration (F;,),en, and it holds

E[y [ Pal(x) ¥ du.

[E[y | Pull < |¢] € L' (»)
so by the martingale convergence theorem follows that exists a Yo, € L' (1) s.t.

E[¢ | P,] = Yo p-ae.on M andin L' (),



Chapter 3. Ergodicity and Mixing 29

/wd/,tZ/ Voo dpt.
M M

We will call My, € B the full measure set where E[y | P, ] converge to /. Moreover we define
Yoo =00n M\ M,

We are particularly interested in case of v = 1p with B € B. If B € BB, we will use the notation
‘Pp to refer to the subset of elements P of the partition P that intersect Mq,. Observe that

hence, in particular

A(Pg) = u ((_Ps) = u(My,) =1
so i(Pg) =1, and that

p(B N Pp(x))
H(Pn(x))

Moreover, we define the function E(B,-) : P — R by setting for all P € P

(Tp)eo (x) = lim Vx € My,.

E(B.P) = (1) (x) foranyx € My, NP P e Pp
0 P ¢Pp

(it is a well posed definition since a (1p)o is the limit of the functions E[T1g | P, ] = P(B|Py),
n € N, and for every n € N the function P(B|P,) is constant on every element of the partition
Py, but P, is coarser than P so P(B | P,) is constant also on every element of P). Note also that
(18)e = E(B, ) o 7, hence E(B, -) is measurable with respect to B and satisfies

/P E(B.P)di(P) = /P E(B, P)d(r.p)(P) = /M (18)e dpt = /M (18) dut = u(B)

Theorem 3.2.7 (Rokhlin disintegration): Let P be a measurable partition. Then the probability
measure u admits some disintegration w.r.t. P.

Proof. (Optional) Let i = {Uy }ren a countable basis of open sets for the topology of M (that is a
separable metric space, hence N2) and let .4 be the ring generated by /. Obviously A is countable
and it generates 3. Recall the notations introduced in the previous Remark. Define

P* = m PA,
AcA
since [i(Pa) = 1 forevery A € A and the intersection is countable, holds that &i(P,) = 1. For each
P € P, define the function up : A — [0, 1] s.t.

up(A) = E(A,P) VA € A.

In partiular up (M) = E(M, P) = 1 (by construction E(M,-) = 1). Itis also clear that u,,(0) = 0
and that up is additive. Indeed if A, B € A are s.t. AN B = (0, we have

E(AUB. P) = (Taug)e(®)
o p(AUB) 0Py
A P )
C WANPL) . u(BAPL)
S TP A T L)
= E(A,P) + E(B, P)
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where x is any element of My, , N P (that is nonempty because P € P,). Furthermore up is also
o-subadditive, in fact if {A,, },en C A, called A = U, ey An € A we have

1Ay 0 Pa(x)
< im0 =B

neN
(monotone conv.) = > lim H(An NP (1)) = > E(An. P)
neNtT® u(Pp(x)) neN

where x is any element of My, N P (that is nonempty because P € P,). Hence from a well known
theorem from measure theory (Hahn-Carathéodory extension theorem), we can extend up to a
probability measure on B that we still denote up. Now let us check that the family of probability
measures {up}pep, is a disintegration.

Let P € P,, forevery n € N, let P,, be the element of P, that contains P,,. Notice thatif A € A
is s.t. AN P, = 0 for some n € N, then holds

H(AN Pp)

im ————
e (Pr)

since P,, C P, for every m > n. Fix n € N, and for every s € N consider

:U{U;)OH---HU;: la; €{0,1}, jieNVie{0,1,....s}, [UPN---nUFTNP, #0}

up(A) =E(A,P) = =0, (3.3)

where U? = U and U' = U€ for every U € U. From (3.3) follows that up(Py) = 1 for every
s € N. Now observe that any open set that contains P,, is of the form (;cn Uj‘.‘ii, with j; € N and
a; € {0, 1} for every n € N,, it follows that u(U) = 1 for every open set U that contains P,,. Since
every finite measure on a separable metric space is a Radon measure, it follows that up(P,) = 1.
Taking the limit for n — oo we find that up (P) = 1 for every P € P,. We have shown the condition
(1) of the definition of disintegration.

Now let us prove conditions (2) and (3) of the definition of disintegration. Consider the family

C = {E € B conditions (2) and (3) holds}.

By construction, given any A € A the function P +— up(A) = E(A, P) is measurable and satisfies
w) = [ B = [ un(a) aaep)
P P,

hence A c C. We claim that C is a A-system. Indeed if A,B € C, A C B, then E(B\ A,P) =
E(B,P) - E(A, P) and

(B A) = u(B) - u(A) = /P (1p(B) - up(A)) da(P) = /P up(B\ A)da(P)

for any P € P,, so B\ A € C; moreover if A is the union of a family {A, },en € C s.t. Ay C Apy
for any n € N, then

P pup(A) = sup up(A,)

n—oo

is measurable and by the monotone converge theorem

u(A) = 3‘2&““’“) = Sup/

wp(A) da(P) = / sup i (An) dii(P) = / 1p(A) da(P).
neN J P, P P

neN

so A € C. Hence C is a A-system that contains the algebra .4 that generates B ad by the monotone
class theorem follows that C = . The proof is complete.
O
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Now we are ready to prove the Ergodic decompodition Theorem 3.2.1.

Proof of Theorem 3.2.1. Let U be a countable basis of open sets of the topology of M and A be
the algebra generated by /. Observe that 4 is countable and generates 5. By the Birkhoff ergodic
Theorem 2.3.2, for every A € A there exists M4 € B with u(M4) = 1 s.t. the mean sjourn time
7(A, x) is well defined for every x € M4. Take My = MNaeca M4 and note that u(Mp) = 1, since
the intersection is countable. Consider the partition P of M, defined by the following equivalent
relation: for every x, y € My we have that x and y are equivalent if and only if (A, x) = 7(A, y) for
every A € A. Let us prove now that P is a measurable partition. Let us enumerate A = {Ag }ren,
and Q = {g«}ken,. For every n € N, consider the partition P, of M defined as follows: we can
equip each x € My with a function w* € {0, 1} ¥ g t. for anyi,j € {l,...,n}

X(' ) 0 T(Ai’x) < qj
w (i, j) =
/ I 7(Ai,x) > gq;

then consider the equivalent relation s.t. for every x, y € My we have that x is equivalent to y if and
only if w* = w?, then define P, to be the partition induced by this relation. It is easy to see that
‘P, has at most 2" elements. It is also clear that two elements of My, say x and y, are in the same
element of the partition Ve, Py if and only if 7(A;,x) = 7(A;, y) for every i € N,, that gives us

P=\ Pau
neN,
which implies that P is a measurable partition.

Hence by Theorem 3.2.7, there exists some disintegration {up}pep of u w.r.t. P. The point
(1),(2) and (4) of the thesis are parts of the definition of disintegration, let us prove (3). Consider
the family of probability measures {T,up}pcp and observe for every P € P holds 7~!(P) = P,
since for every set A € BB the mean sojourn time 7(A, -) is constant on orbits, so in particular

Topp(P) = up(T~'(P)) = up(P) = 1.

Moreover, given any E € B the function P — T.up(E) = up(T~'(P)) is measurable w.r.t. /3 since
it is a composition of measurable maps (recall the point (2)) and using the fact that T preserves u
we get

W(E) = u(T™(E)) = /P up(T~\(E)) da(P) = /P T.up () di(P).

So {T.up}pep is a disintegration of u w.r.t. P, hence by Proposition 3.2.3 follows that T,up = up
for fi-a.e. P € P, that shows the invariance of up for fi-a.e. P € P.
Since u(Mpy) = 1 we have that up(My N P) = 1 for ji-a.e. P € P, indeed

0=1—,U(M0)=/P[1—/1P(Mo)] dﬁ(P)=/P[1—,UP(MoﬂP)] da(P).

>0

Hence it is enough to prvoe that for every P € P and every E € 3 we have that 7(E, x) is well
defined for any x € My N P and is constant on that set. Fix P € P and denote

Cp ={E € B|VE € B1(E,x) is well defined Vx € My N P and is constant on My N P} .
Let us prove that Cp is a A-system. For A, B € Cp, A C B we have that

T(B\ A,x) =7(B,x) —1(A,x)
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is well defined for any x € My N P and is constant on My N P, so B\ A € Cp. In particular, since
M € Cp, for every E € Cp holds E€ € Cp. Moreover if {E; };cn are pairwise disjoint we have that

U E;,x|= Z T(E;, x)

ieN ieN

T

isis well defined for any x € My N P and is constant on My N P, so U;en E; € Cp. Hence Cp is a
A-system that contains the algebra A that generates B, then by the monotone class theorem follows
Cp =B forevery P € P. m]

3.3 Unique ergodicity and minimality

Throughout this section (M, d) will always be a compact metric space, I3 the Borel o--algebra of
MandaT : M — M acontinuous transformation.

Definition 3.3.1: The transformation 7 is said to be uniquely ergodic if it admits exactly one
invariant Borel probability measure.

Proposition 3.3.2: If T is uniquely ergodic, the unique invariant Borel probability measure u is
necessarly ergodic.

Proof. Suppose by contradition that there exists an invariant set A € B with u(A) € (0, 1). Then
the measure

H(ANE)
ua(E)=————= VE€B
u(E)
would be itself an invariant probability measure, different from u and that is contradiction. |

Theorem 3.3.3: The following conditions are equivalent:
(1) T is uniquely ergodic,
(2) T admits a unique ergodic probability measure;

(3) for every ¢ € C(M) the sequence of time averages n™" Z;:()l ¢ o T/ converges everywhere
on M to a constant;

(4) for every ¢ € C(M) the sequence of time averages n™" Z’]'.:‘Ol ¢ o T/ converges uniformly on
M to a constant.

In particular, if T is uniquely ergodic then for every ¢ € C(M) the sequence of time averages

n~! Z;.‘;Ol ¢ o T/ converges uniformly on M to the constant | v ddu

Proof. In the previous Proposition we proved that (1) implies (2) and from the ergodic decom-
position Theorem 3.2.1 follows that any invariant probability measure is a convex combination of
ergodic measures, hence if there exists only one ergodic probability measure, there is also only one
invariant probability measure. It is also clear that (4) implies (3). Let us prove that (3) implies (2).
Suppose that ¢ and v are erogdic probability measures, then for every ¢ € C(M) by the Birkhoff
ergodic Theorem 2.3.2

Jyy¢du  p-ae. on M

1 n—1 .
lim — T/ =
nl—r>r<>lon ;gﬁ( ) {quﬁdv v-a.e. on M.
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Hence, since (3) holds, we obtain

/¢du=/ ¢dv Vo € C(M)
M M

that implies y = v.

Now (2) implies

It remains to prove that (1) implies (4). Recall that from Krylov-Bogolyubov Theorem 1.4.6
T admits some invariant probability measure. Suppose that (4) does not hold, hence there exists
some ¢ € C(M) s.t. n~! Z;’;Ol ¢ o T/ does not converge uniformly to any constant. In particular it
does not converge uniformiy to |, v ¢ du. Hence there exists a &€ > 0 s.t. for every k € N, we can
find ny > k and x; € M s.t.

> E.

1 ng—1 i
L;§¢Gum—&mm

Let us consider the sequence (vi)ken, C M (M) s.t. for every k € N,

lnkl

Z OTJ (x1)»

since M (M) is weak* sequentially compact we can suppose, up to consider a subsequence, that
(vk)ken, converges in the weak™ topology to some v € M (M). The limit measure v is invariant,
indeed

1 &
T*Vk = ﬁ ;577()%)

1 .
=V + —(O01k (xp) = Ox,) =V
N
and since T is continuous, for every ¥ € C(M) we have y o T € C(M), hence

/l//d(T*Vk)=/ tﬁOTdvk—>/ ;_//onv:/ W d(T.v)
M M M M

for every ¢ € C(M), that is T, v 5 Tov. Asa consequence T,V = v.
The fact that (vi)xen, converges to v in the weak* topology implies that

nip—1
/ ¢dv = hm / ¢dvy = hm — Z (T (x1))
M

so by the choice of (nx)ken, we have

‘/¢w—/¢w
M M

and in particular v # u, so (1) does not hold. O

> &

Definition 3.3.4: We say that a cleased invariant set A € 3 is minimal if for every x € A holds

{T"(x)}nen = A
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Remark 3.3.5: Recall that the support of a measure y on M is
supp(u) = {x € M |VV € I, u(V) > 0}

where Z, is the family of all the neightborhoods of x.
Obviously supp(u) is a closed subset of M. Indeed if x ¢ supp(u), then there exists an open
Vo € Zy s.t. u(Vp) = 0 and then Vy C supp(u)©.

Proposition 3.3.6: The support of any invariant measure p is s.t. T(supp(u)) C supp(w).

Proof. Let x € supp(u), then take V € Zr(x). By the continuity of 7 we get 7~!(V) € Z,, hence
u(T~1(V)) > 0, because x € supp(u). Now using that y is invariant we get

u(V) = u(T71(v)) >0
for any V € Iy, thatis T'(x) € supp(pu). m|

Theorem 3.3.7: It T is uniquely ergodic then the support of the unique invariant Borel probability
measure | is a minimal set.

Proof. Suppose by contradiction that there exists x € supp(u) s.t. the orbit {77(x)}en is not
dense in supp(u). Then there exists a point y € supp(u) andaV € Z, s.t. VN{T/(x)}jen = 0. In
particular we can find an open set U of M s.t. supp(u) N U # 0 and

UNn{T/(x)}jen = 0. (3.4)

Consieer the sequence of probability measures (vy)nen, S.t.

1 n—1
V== > 07i(x)
n<s

and take v be any accumulation point of this sequence in weak™* sequentially compact set M (M).
Equation (3.4) gives us that v, (U) = 0 for every n € N,, hence v(U) = 0. Indeed we can find
functions (Yx)ken, € C.(M) taking values in [0, 1] s.t. supp(¢x) € U and ¥ Ty, then
Y < Ty and in particular | m Vi dvy, = 0for any k,n € N, but by weak* convergence we know
that [y, Y dv, — [y, ¥rdv for every k € N,, hence [,, ¥ dv = 0 for every k € N, and by
monotone convergence we deduce v(U) = 0. By the same reasoning used in the previous proof
we deduce that v is an invariant measure, hence u = v by unique ergodicity of 7', so u(U) = 0 that
implies U C supp(u)€ that contradicts U N supp(u) # 0. m|

The converse is false in general.

Theorem 3.3.8 (Furstenberg): There exists some real-analytic diffeomorphism T : T> — T?
that is minimal, preserve the Lebesgue measure m on T2 but is not ergodic for m. In particular T
is not uiquely ergodic.

Proof. Not done. O
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3.4 Mixing systems

In this section we always suppose u to be T-invariant.

Definition 3.4.1: The correlations sequence of two measurable functions ¢,y : M — R is

(Cn(¢, '/’))neN S.t.
cn(¢,w)=/(¢oTn)¢dﬂ_/ ¢d,,/ -
m M M

Definition 3.4.2: We say that the system (7', u) is mixing if
lim Cy, (14, 1p) = lim u(T7"(A) N B) — u(a)u(B) =0
n—00 n—o00

forany A, B € B.

Proposition 3.4.3: A mixing system (T, u) is ergodic.

Proof. By ontradiction suppose that there exists an invariant A € B s.t. u(A) € (0, 1), taking
B=A°wegetT™"(A) N B =0forevry n € N. Then

(T (A) N B) =0 # u(A)u(B)
that is a contradiction with the mixing propery of (T, u). O
Example 3.4.4 (Ergodicity is strictly weaker than mixing): Let § € R. As we have seen the
rotation Ry : S! — S! is ergodic with respect to the Lebesgue measure m on S'. However (R, m)

is not mixing. In factif 7, J c S! are two sufficiently small intervals, then R o (I)NJ = 0 and thus
m(R,"(I) N J) = 0 frequently on n € N, while m(A)m(B) # 0.

Proposition 3.4.5: Assume that
lim p(T7"(A) N B) = u(A)u(B)
holds for every A, B in a n-system S that generates B. Then (T, ) is mixing.
Proof. Consider the family
C={AeB| nli_r)xgo,u(T_"(A) NB)=u(A)u(B) YA € S}.
We know that C > S, we claim that C is a A-system. Take A, A» € C, A| C Ay, then
Tim p(T~" (A2 \ A1) 1 B) = lim u((T~"(A2) \T™"(A1)) N B)
= lim p(T™"(A2) N B) = lim u(T~"(A1) N B)
= (u(A2) — u(A))u(B) = u(Az \ A1)u(B)

for every B € S, hence A, \ A € C. Moreover if A = Ugen, Ak is the union of an increasing
sequence of sets A; C Ap C--- C A, C...inC, then

p(A)p(B) = lim p(Ag)u(B) = lim u(T™"(Ax) N B)
Jim p(T7"(A)\T™(A\ A)) N B)

lim 4(7"(A) N B) - lim u(T~"(A\ Ay) 0 B)

lim u(T™"(A) N B)
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since
lim u(T7"(A\ Ax) N B) < lim u(T™"(A\ Ag)) = lim u(Ar\A) =0
n—oo n—o0 n—oo

so A € C and C is actually a A-system. Hence by the monotone class theorem C = B. We proved
that lim,, e u(T~"(A) N B) = u(A)u(B) for every A € B and every B € S, now by argument
similar to the one we have just applied we can extend this equality to all the A, B € B. O

Now we present a topological version of the notion of mixing.

Definition 3.4.6: Let M to be a topological space and 5 its Borel o-algebra. We say that the
measurable transformation 7T is ftopologically mixing if for every open sets U,V C M there exists
ngp € Ny s.t. 77" (U) NV # 0 for every n > ny.

Proposition 3.4.7: If (T, i) is mixing then the restriction Tisupp() @ supp(u) — supp(u) is
topologically mixing.

Proof. Let A, B C supp(u) be two nonempty open sets, then by the definiton of support of u we
have u(A), M(B) > 0. Hence, from the fact that (7, u) is mixing, we have the existence of of
ng € N, s.t.
uAuB)

2
for every n > ny. O

u(T™(A) N B) >

Corollary 3.4.8: If (T, u) is mixing and u is positive on open sets, then T is topologically mixing.
Proof. Tt follows form the previous Proposition. Indeed if u is positive on open sets then supp(u) =
M. O
Proposition 3.4.9: The following are equivalent:

(1) (T, u) is mixing;

(2) there exist p,q € [1, o0] conjugate exponents s.t. lim,_,., C,, (¢, %) = 0 for any ¢ € LP (u)
and any € L9(u);

(3) the point (2) holds for ¢ in a dense subset of LP (1) and \ in a dense subset of L9 ().

Proof. Obviously (2) implies (1). And (1) implies that lim,,—,., C, (¢, ) = 0 for any simple func-
tions ¢, ¥, but simple functions are dense in L? (u) for every p € [1, o], so we have (3). It remains
to show that (3) implies (2). Observe that if ¢, ¢, € LP(u) and 1,4, € L9(u), by Holder in-
equality we get

‘/ (1 0Ty du —/ (20 T" )2 dp‘
M M

< +

/ (10T dt - / (62 0 "Y1 du / (620 T") dyt - / (¢2°T")l//2d#’
M M M M

< g1 = d2llee (wllillLauy + ld2llLe (v = Y2llLa (w)

and similarly

/¢1d,u/ %//1d,u—/¢2d/l/ Yo du
M M M M

< 1 = allpr il uy + @2l len = 2l

<1 = dallee (wllWillLaw + o2llee (w v = ¥2llLa (u)
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and adding this inequalities together we obtain

|Cn(1,¥1) = Cu(d2,¥2)| < 2lld1 = d2lle oy W1l La ) + 2l 2llr (o W1 = ¥2llLa )

for every n € N,. Then taking any € > 0 O

3.5 Weak-mixing systems

In this section we always suppose u to be T-invariant.

Definition 3.5.1: The system (7, i) is weak-mixing if for any A, B € BB holds

) 1 n—1 ) 1 n—-1 .
Jim = >71C; (T4, Up)| = lim ~ > [u(T™/ (4) N B) = u(A)p(B)| = 0.
j=0 j=0
Remark 3.5.2: Every mixing system is weak-mixing. It folllows from the Cesaro means theorem.

Proposition 3.5.3: If (T, u) is weak-mixing then it is ergodic.

Proof. If A € B is invariant, then (7T ~/(A) N A°) = 0 for every j € N and

n—oo

. 1 n—1 .
0= lim >3 1C;(Ta, Tao)| = u(A)u(A°)
70
hence u(A) =0 or u(A°) =0. m|

Proposition 3.5.4: Assume that
n—1

lim 57 [4(T7 (4) 1 B) - u(A)u(B)| = 0

n—oo jZO
holds for every A, B in a n-system S that generates BB. Then (T, u) is weak-mixing.

Proof. The proof is similar to the one of Proposition 3.4.5. O

Given the system (7, u) we can consider the transformation 7, : M X M — M X M that is
measurable w.r.t. the product o--algebra B ® B and the product measure u = ¢ ® u. We can easily
observe that 75 preserves p».

Proposition 3.5.5: If (T», u») is ergodic then (T, u) is ergodic. Moreover the converse is false in
general.

Proof. 1f A is T-invariant then A X A is T,-invariant and (A X A) € {0, 1}. A counterexample
for the converse is a rotation 7 = Ry : S' — S! with @ € R\ Q and d a distance invariant under
rotations. Then any neightborhood of the diagonal {(x,y) € S' x S! | d(x,y) < r} is Tr-invariant,
but in heneral can exists an 7 > 0 s.t. m({(x,y) € S' x S' | d(x,y) <r}) € (0, 1). m|

Definition 3.5.6: We say that a set E C N has zero density at infinity if

lim n "#(EN{0,1,...,n—1}) = 0.
n—o0
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Lemma 3.5.7: Let (a,)nen C [0, +00) a sequence of non negative numbers. Then

n-1
lim — Z a; =0 <= 3E C Nwith zero density at infinity s.t. hm a, =0.
n—oon
n¢E
In particular
1= 1
lim — ai=0 = hm a =

Proof. Suppose that the right-hand side of the equivalence holds. Take &€ > 0 and N € N, s.t.
a, <eforeveryn > N,n ¢ E. Define A = sup,¢gay, then for n > N holds

lnl 1n1 lnl
EF DIES DIES D)
J=0
]¢E ]EE

NA N
SM #(Eﬂ{O,l,...,n—l})—>s

for n — oo, where we used that E ha zero density at infinity. Therefore 0 < lim,;_,c % Z;.‘:O aj

for every € > 0, hence limn%o0 Z”_O a; =0.
Now suppose that the left- hand 51de of the equality holds. For m € N, let

Em={n€|\||an2m_1},

then E; C E ;4 for every j € N, and E,, ha zero density at infinity for every m € N,. Indeed

n—1

ZlimIZﬂE (j) = lim #{E Nn{0,1,...,n—1}}

n—oon

for every m € N,. Now consider 0 = Ng < Ny < ...s.t. n '#(E,, n{0,1,...,n—1}) < m™! for
every n > N,,_; for every m € N,. Define

E = U (Emn{Nm—la---,Nm_ 1})9

meN,

then if m = m(n) is the maximal m € N, s.t. Nj,—1 < n we get

IA

1 1 1
SHE N0 L= 1)) € —#(Epat 0 {0 Lo Nt )+ #(Eit 0 (N n = 13)

IA

1
#(E,,-1N{0,1,...,Np_1})+—#(E,,n{0,1,...,n—1})
N1 n

(for the choice of Ny,_1)

IA

1
1+—#(Emﬁ{0,1,...,n—1})—>O
- n

form — oo. O

Proposition 3.5.8: The following conditions are equivalent:
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(1) (T, u) is weak-mixing;
(2) (T, u2) is weak-mixing;
(3) (T, u2) is ergodic.
Proof. Suppose that (1) holds. Take A, B, C, D € I3, then
2(T; (A X B) N C X D) = iz (A X B)ua(C x D)

= (T (A) N C)u(T~/(B) N D) — u(A)u(B)u(C) (D)
< (T 7(A) N C) = u(A)u(C)| + |u(T~/(B) N D) — u(B)u(D)|

where in the last inequality we used the fact that for a, b, ¢, d € [0, 1] holds
lab —cd| =|ab—cb+cb—cd| <bla—c|+clb—-d| <|a-c|+]|b-d|,

therefore, using (1), we get

n—1

lim © S 02((4 X B) 1€ x D) ~ oA X Ba(C x D)] =0
=0

Hence, since {A X B | A, B € B} is a n-system that generates B ® 3, using Proposition 3.5.4 we
get that (73, up) is weak-mixing. Therefore (1) implies (2).

We proved in a previous Proposition that (2) implies (3). Let us prove that (3) implies (1). Take
A, B € B and write

n—

S| =

1
[1(T77(A) N B) — u(A)u(B)]?
j=0

—_

= L ST (A) 1 B) = 2u(Au(Bu(T ™ (4) 1 B) + u(A)u(BY)
=0
n-1 .
= L S [a(T (A X A) 0B X B) ~ pa(A X A)pa (B x B)]
=0
n-1
~2p(A(B) [T (A) 0 B) ~ p(A)(B)].
=0

Since (T3, u7) is ergodic we obtain that also (7, i) is ergodic and Proposition 3.1.3 (2) gives that
the expression above converge to 0 as n — co. We proved that
1 n—1 ) 5
lim — 2 [T (A) N B) = u(A)p(B)]*> =0
Jj=0

for any A, B € B and using the previous Lemma we obtain that (7', u) is weak-mixing. m]
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